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STAT 992: Science of Large Language Models

Lecture 10: Dictionary learning and SAE



Recap: LRH, low-rankness

Table edited by Gemini-3

● Linear representation hypothesis: transformers represent concepts as 
low-dim linear subspaces (esp. vectors) in the hidden states space

● Difficulty: finding the concept vectors / subspaces is challenging in general. 
Need automated algorithm.  



Classical sparse representation



Overcomplete basis

● There are many well-known bases for representing 
audio/image signals

○ Canonical basis: original time / spatial space
○ Fourier basis: frequency space
○ Wavelet basis: localized frequency space
○ …

● Also, PCA gives data-driven orthogonal basis based on input variance
● Feature interpretation of each base
● Why not use everything? For example,

Overcomplete basis =      Canonical basis, Fourier basis, Wavelet basis, …

● Uniqueness of representation under conditions—sparsity, near-orthogonality

https://epubs.siam.org/doi/10.1137/0149053


Sparsity and near-orthogonality

● Consider discrete signals (timestamps or pixels) in  

● Let                           be overcomplete basis (             ), aka dictionary

● Sparsity (key assumption 1): number of nonzeros      is not large

● Near-orthogonality (key assumption 2, aka incoherence): pairwise inner 

products of      small (often need stronger conditions)

● How to find the coefficients     ? Sparse linear regression via LASSO

● Regularized regression, compressed sensing, high-dimensional probability, convex optimization



Dictionary learning

● A data-driven approach for finding the dictionary

● We have many samples of signals (images, audios)

● Joint minimization over     (e.g. solved with iterative alternate minimization) 

● Many variants are possible; a reference 
● Near-orthogonality is possible when 

https://en.wikipedia.org/wiki/Sparse_dictionary_learning#Problem_statement
https://bernstein-network.de/wp-content/uploads/2021/03/Lecture-15-Sparse-coding-2020.pdf


Classical dictionary learning for images

● Gabor basis

● Biological plausibility 
(visual cortex)

https://www.nature.com/articles/381607a0


Autoencoder

● Treating all coefficients as latent activations 

● Dictionary learning as decoder

● Adding encoder as “inverse” 

(instead of solving LASSO)

● Simple autoencoder (matrix form)

● If                         , reduces to PCA

● In general, nonlinear layer, nonlinear activation for latents Figure source

https://towardsdatascience.com/introduction-to-autoencoders-b6fc3141f072/


Dictionary learning in LLMs



From classical dictionary learning to autoencoders in LLM
Concept Signal Processing & Stats Interpretation Autoencoder & LLM Interpretation

Input Signals:        that can be represented by a 
sparse dictionary basis

Usually hidden states at a given layer: treated as model internal 
signals to be decomposed

Latents Sparse Coefficients: sparse vector  
representing which basis atoms are present.

Feature activations: Individual, monosemantic concepts (e.g., "The 
Golden Gate Bridge" feature).

Encoder Analysis Operator: The process of finding 
the coefficients, often via an iterative 
algorithm (e.g. LASSO).

Encoder: A linear layer (with bias) followed by a ReLU to "detect" 
features in the activation.

Decoder Dictionary: The collection of overcomplete 
atoms used to reconstruct the signal.

Decoder: The "direction" each feature points to in the model's 
activation space. These vectors are called feature directions.

Optimization Basis Pursuit: Minimizing reconstruction 
error subject to a sparsity constraint.

SAE Training: Training an autoencoder with gradient descent to 
reconstruct activations with an $L_1$ penalty or Top-k constraint.

Table initially generated by Gemini-3



Using sparse autoencoder (SAE) in LLM

● Interpretability technique, NOT training technique

● Motivation: hidden states are of block-box nature, want to interpret them

● Goal: find interpretable features an LLM has learned

● Main idea: 
○ Freezing all weights in an LLM

○ Use a relative small set of input prompts, run forward pass, get all hidden states

○ Use hidden state at an intermediate layer to train an autoencoder

● Ideal result: the autoencoder recovers dictionary that encodes monosemantic 

concepts 



Setup of SAE training 

● LLM component (for training and inference) vs SAE (for interpretability)

● ReLU activation for latents: feature is 
said to be activated only when its value 
(coefficient     ) is zero

Anthropic, Towards Monosemanticity: 
Decomposing Language Models With 
Dictionary Learning, 2023

https://transformer-circuits.pub/2023/monosemantic-features
https://transformer-circuits.pub/2023/monosemantic-features
https://transformer-circuits.pub/2023/monosemantic-features


SAE enables interpretations



SAE enables interpretations



Common methods for SAE interpretations

● Distribution of feature activations (informative vs dead features)

● LogitLen: interpreting feature directions by unembedding matrix

● Inspect input prompts that maximally activates the feature

● Ablation (steering): how does reducing the feature direction changes 

prediction probs  

● Clustering: use UMAP or t-SNE to visualize the feature directions



SAE interpretability at scale

Anthropic,https://transformer-circuits.pub/2024/scaling-
monosemanticity/, 2024

https://transformer-circuits.pub/2024/scaling-monosemanticity/
https://transformer-circuits.pub/2024/scaling-monosemanticity/

