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Lecture 15: Random vectors in high dimensions
Lecturer: Yiqiao Zhong

Report an issue
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These notes support STAT 709 at the University of Wisconsin—-Madison. Use them alongside the cited
textbooks; corrections and questions are welcome.

Priority guide

High Core concepts and calculations to master; directly examined.

Mid Supporting concepts useful in other lectures; in scope for examinations.
Low Enrichment supporting understanding; will not be examined.

Further reading Optional self-study, references, extensions, and historical notes.

A star (*) marks optional material; priority labels give the scope of each block. Lecture-specific exemptions
and the optional status of Part VI override the general exam guide.

High priority Overview

Scalar concentration becomes a tool for vectors when we decide what to measure: all graph degrees,
every covariance entry, a Euclidean norm, or finitely many pairwise distances. The recurring steps are to
control one quantity, count the quantities of interest, and apply a union bound. The Gaussian and convex
concentration statements, their matrix-norm example, and random projection are mid priority; the general
concentration proofs and extensions remain optional.

Recap from earlier lectures
From Lecture 14: exponential tail bounds
Reminder only: this block introduces no new exam requirements.

e Subgaussian variables. The 12 norm controls Gaussian-type tails and moment growth. Used in
Sections 1-3.

e Subexponential variables. The ;1 norm controls exponential-type tails. Used in Section 1 and
Section 3.

e Hoeffding and Bernstein. Independent sums satisfy bounds determined by their tail scales. Used in
Sections 1-3.

e Squares and centering. A subgaussian square is subexponential; centering changes the norm only by
a constant factor. Used in Section 1 and Section 3.

e Union bound. P(U; 4;) < >, P(A;) turns individual bounds into simultaneous guarantees. Used in
Sections 1 and 4.

Learning goals
e Apply tail bounds and union bounds to simultaneous events.
e Interpret concentration of the norm of a random vector.

e State the selected Gaussian and Talagrand concentration results; their proofs remain optional.


https://yiqiao-zhong.github.io/stat709-fall2026/report-issue.html#page=lect-15
lect-14.html#thm-subg
lect-14.html#thm-subexp
lect-14.html#lec14-theorem-4
lect-14.html#lec14-lemma-1
lect-2.html#prop-l2-measure-rules

e Choose a projection dimension for preserving finitely many pairwise distances.

High priority Introduction

In this lecture, we will continue studying concentration inequalities and introduce some fundamental
high-dimensional phenomena. For a random vector X = (Xy,...,X,) with independent components, the
previous lecture shows how to control {(a, X) for a given nonrandom vector a.

As before, we use ¢ or C' to denote a positive absolute constant.

1 Examples of concentration inequalities

High priority Ezamples of concentration inequalities

Let us first recall concentration inequalities we learned in the previous lecture by looking at some exam-
ples.

Random graphs. The Erdés-Rényi graph G ~ G(n,p) is a random graph with n vertices where we
randomly draw an edge between vertices 7 and j with probability p. In other words, for 1 <i < j < n, we
have an independent Bernoulli random variable A;; ~ Bern(p). Set A;; = A;; and A;; = 0. The degree of

vertex 4 is
J#i
The expected degree for each i is E[d;] = (n — 1)p, and we denote d = (n — 1)p.

Proposition 1 (Dense graphs have concentrated degrees). There is an absolute constant C such that the
following holds. Suppose the expected degree satisfies d > C(logn)?. Then, with probability* at least 0.9 all
degrees of G are between 0.9d and 1.1d.

We can replace 0.9 by 0.99, and 0.9d and 1.1d closer to d (e.g., 0.99d, 1.01d). The same conclusion holds
with a larger constant C'.

Proof. To prove this inequality, we apply Bernstein’s inequality for bounded random variables (Hoeffding’s
inequality is too crude): for any i,

M 11
P(’di—d|201(a;_))§2exp( mm((s 52>> for any § > 0, (1)

where C is a certain constant, o = (Var(d;))'/? and M < 1 is a simple upper bound on |4;; — E[A;;]|. Note

o= ((n—1)p(1 —p))Y/? < d'/?. We pick § = (alogn)~" where a = 6 to get
P (}di —d| > W) < 2exp ( min <(15 512)> <2n~* when alogn > 1,

Note C’l@ = O(v/dlogn). Thus, under the assumption d > C(logn)? for a large C, we have C} ‘f'H
0.1d. Thus, by the union bound,

IP(EIZ

d; —d| > 0.1d) < ZP(d —d| > <U+M)> < 2nl-e

For n > 2 and a = 6, the right-hand side is at most 2 - 275 < 0.1; enlarging the constant in the degree
assumption ensures the radius comparison above. O

1Here the theorem gives the stated fixed confidence of 0.9. In an asymptotic statement, “with high probability” usually means
probability tending to one; that stronger statement requires a corresponding choice of the constants or growth assumptions.
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The coarser inverted radius used above is not optimal. The direct bounded Bernstein inequality, or a
multiplicative Chernoff inequality, lets us replace (logn)? by logn in the statement of Proposition 1. See
[2][Prop. 2.4.1] for details.

Covariance matrix. Let y1,...,y, "y € R? be i.i.d. random vectors with zero mean and subgaussian
components, namely EY = 0 and maxi<;<q ||Yj|ly, < K. All coordinate products are integrable: Cauchy—
Schwarz gives E|Y;Y,,| < (E E?QEY,i)l/ 2 < o0o. Thus the covariance matrix exists and is denoted by

Y = Cov(Y) which is a d x d matrix. The empirical covariance matrix is

1 n

S T

X = - Z;yzyl
1=

We can apply Bernstein’s inequality to bound the estimation error under the max norm:

n

~ N 1
18 = Sl = e (B =5, = max |57 (sl — Bllods i) |

For each fixed pair (j,m), the summands are independent across observations i. Coordinates within an
observation need not be independent. The product and centering bounds give ||Y; Yy, — E(Y;Y,,) |y, < 4K2,
so Bernstein’s inequality yields

P <|[§] — 3jm| > tKQ) < 2exp (—cnmin(t2,t)) )

We choose t = C'+/(logd)/n with a sufficiently large C > 1 so that cnt? > 4logd. Assume d > 2 and
n > C?%logd, so t < 1 and hence min(¢2,t) = ¢2. This yields

o 1
P (HE — Xljm| > CK? Oid> < 2exp(—4logd) = 2d~*.

By applying a union bound over the choice of j, m, we get

P(Hf]EH . ZCK%/W) <2d 2.
max n

Note that by adjusting the constant, we can make the exponent —2 in d=2 smaller (like —10, —100, etc.)

Uniform control. A union bound converts one-entry concentration into simultaneous control of graph
degrees or covariance entries. The number of quantities contributes a logarithmic factor through the chosen
failure probability.

High priority Practice: A sharper degree requirement

Exercise prompt. Use bounded Bernstein directly to show that for 0 < n < 1, P(max; |d; — d| > nd) <

2nexp[—n°d/(2(1 +n/3))].
See Exercise 1 in Section 7 for the full statement and complete solution.



2 Two general concentration inequalities

Low priority Two general concentration inequalities

It is possible to generalize the concentration inequalities beyond a linear combination of independent
random variables. The following result is a classic concentration inequality for general Lipschitz functions,
although it only applies to Gaussian random variables instead of subgaussian random variables.

Mid priority  Gaussian concentration inequality

Theorem 1 (Gaussian concentration inequality). Let X7, Xo,... X, b N(0,1). Let F: R" — R be an
L-Lipschitz function, i.e., |F(z) — F(y)| < L||z — y||. Then

|F(X1,....X,) —EF(Xy,...,X0) |y, <CL

where C' is a constant.

Low priority Gaussian concentration: proof and details

If we consider the special case F(x) = (a,z), then F is ||a|-Lipschitz. This leads to the same bound as
in Hoeffding’s inequality.

Proof of Theorem 1*. For simplicity, denote X = (X3,...,X,,), and let Y be an independent copy. First
prove the claim for smooth F' with |VF| < L; convolution approximation extends it to every Lipschitz
F, with dominated convergence justified by linear growth and Gaussian exponential integrability. We also
introduce the definition Xy = X cos#+Y sin . Using Markov’s inequality and Jensen’s inequality, we obtain

P(F(X) _ EF(X) > Lt) < e—)thEe)\(F(X)—]EF(X)) < e—kLtEeA(F(X)—F(Y)).

Note that J
@Xg —Xsinf + Y cosf ~ N(0,1I,)

for any 6 € [0,7/2]. A crucial observation is that 45X, and Xy are independent, since (Xg, 4 Xjp) is an
orthogonal transform of X,Y. Denote X} = d%Xg.

We use Jensen’s inequality for the integration (viewed as measure integration w.r.t. Unif[0, 7/2]) in the
exponentiation and Fubini’s theorem,

A [T/? 2
E MNFO)F(X)] = | exp (% / (—X sinf + Y cos G)TVF(Xg)fcw)
0 Y

2 7T/2 - X
f/ Ee™ (-Xsin+Y cos6)TVF(Xo) g (by Jensen and Fubini)

<

_2 / o (XPTVE(Xe) g
T
2 27‘,2 2

= —/ o g (by independence)
™

<e (by Lipschitz assumption)

The difference F(X) — F(Y) has the same distribution as F(Y) — F(X) by exchanging the independent
copies. The preceding bound therefore applies to the MGF in the Markov step. If L = 0, F' is constant.
Otherwise choose A = ﬂ%tL i

N

P(F(X)—EF(X) > Lt) < e 2.



Applying the same argument to —F (X)), we can derive that

P(-F(X)+EF(X)> Lt) < e =7,

and therefore

P(|F(X)—EF(X)| > Lt) <2 2.

Mid priority Concentration of Gaussian matriz norms

Example 1. Suppose that Y is a matriz of i.i.d. standard normal entries. Let || - || be either the Frobenius
norm or the matrixz operator norm. Then,

PV = EIY|| > t) <27, forallt > 0.

Low priority Matriz norms: explanation

The above inequality follows from Theorem 1 and the observation that |f(Y) — f(Y)| < f(Y —Y) with
FY) = Y|l (due to triangle inequality in the definition of a norm). Remarkably, the deviation of |Y| from
its expectation is O(1), which does not depend on the dimensions of the matrix Y. As we will learn in the
next lecture, E||Y|| generally scales with the matrix dimension. In the special case of vectors Y € R"™, from
homework problems we have learned ||Y]| = v/n+ Op(1) (see also next section), so indeed ||Y'|| concentrates
around its mean.

What if we don’t have Gaussian distributions? Talagrand’s concentration inequality.

Mid priority Talagrand’s concentration inequality

Theorem 2 (Talagrand’s concentration inequality). Suppose that X1, ..., X, are independent random vari-
ables satisfying max; |X;| < K. Denote X = (X1,...,X,). Let F : R" — R be a convex L-Lipschitz
function. Then

ct?
P(|F(X) - E[F(X)]| > tL) < C’exp(— ﬁ) for any t > 0. (2)
Low priority Talagrand concentration: proof and extension

See [1, Theorem 2.1.13] for a proof. This theorem says that for a bounded random vector with independent
coordinates, F'(X) — E[F(X)] is subgaussian with norm bounded by O(KL).

In place of Gaussianity, we now require bounded independent coordinates and convexity. For independent
variables & with max; ||& ||y, < K, one practical extension uses truncation:

Xi = &1{|&] <}

at appropriate threshold 7,,. For example, choose 7, = CyK+/logn for subgaussian ¢; allows us to have
P(X; =¢&,Vi) >1—C'n"9 for any ¢ > 0. For convex F, we may then apply Talagrand$ concentration
inequality to X;, obtain the concentration inequality of F'(X), and control the change in center using

1/2

[EF(X) ~EF(©)| < LEIX —¢llo < L( 3 ElEP1{l&] > 7))

Integrating the subgaussian tail makes this small by increasing C,. Together with the truncation failure
probability, this transfers the bound to F'(§), at the cost of the logarithmic scale in 7,,.

Low priority  Practice: The norm s Lipschitz



Exercise prompt. Show that x — ||z|l2 and A — ||A|op are 1-Lipschitz with respect to Euclidean and
Frobenius distance, respectively.
See Exercise 2 in Section 7 for the full statement and complete solution.

3 Norm of random vectors

High priority Norm of random vectors

Suppose that X = (X1,...,X,) is a random vector where Xi,..., X,, are independent random variables
with E[X;] = 0 and Var(X;) = 1. We are interested in the Euclidean norm || X||. Let’s gather some results
about ||X|| we have proved so far.

1. For i.i.d. coordinates, by the LLN and continuous mapping theorem, n~/2||X|| 5 1asn— oo

2. For ii.d. coordinates with finite fourth moment, the CLT and delta method give || X| — v/n =
N(0, Var(X?%)/4). For standard Gaussian coordinates, this variance is 1/2.

3. By Jensen’s inequality, E[|| X ||] < E[|X]]?] = v/n.
4. If X; has distribution N(0, 1) or max; | X;| < C, then || X| — E[|| X]|] has subgaussian norm O(1).

Points 1 and 2 suggest that || X|| concentrates around +/n, but do not supply a finite-sample tail bound.
Point 4 follows from the preceding mid-priority concentration statements; the direct Bernstein proof below
supplies an independent main-route argument. Theorem 3.1.1 of [2] shows the following result.

Theorem 3. Let X = (X1,...,X,) be a random vector where X1, ..., X, are independent random variables
with E(X?) = 1 and max; || X;||y, < K. Then,

NIl - v, < OK®.

Proof. For convenience, we assume K > 1. Let Y; = X2 — 1. The product and centering inequalities from
Lecture 14 give ||Yi|ly, < 2||X2|ly, < 4K?. Applying Bernstein’s inequality,

1 9 cno 2
— — > < -
P(‘n||X| 1‘ u> Zexp( 7 min(u, u ))7 for all u >0 (3)

where we used K* > K? due to the assumption K > 1. To prove the tail bound for || X ||, we use the following
observation:
z—1>06 = |22—1|2max((5,62), forallz>0, 6>0

Thus we obtain
1 1
P <‘\/ﬁ||X|| - 1‘ > 5> <P <‘n||X2 - 1‘ > max(s, 52)) < 2exp (—%52)
where we used min(u, u?) > §? with u = max(d, §?). Changing variables to t = §/n, we therefore obtain

2
P(|[IX]| = vn| > t) < 2exp <—Ct4) for all t > 0.

For the angular counterpart, see Lecture 5: a uniform direction from Gaussian noise.


lect-14.html#lec14-lemma-1
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Figure 3.6 A Gaussian point cloud in two dimensions (left) and its
intuitive visualization in high dimensions (right). In high dimensions, the
standard normal distribution is very close to the uniform distribution on the
sphere of radius 1/n.

Figure excerpt: Vershynin, High-Dimensional Probability, Figure 3.6.

Uniform spherical random variable. Recall that we introduced the uniform random variable on the
sphere Unif(S"~1) in the n-dimensional Euclidean space. We use 7S™~! to denote the sphere in R™ with
radius r.

Theorem 3 gives a useful radial coupling between a Gaussian vector and a uniform point on the sphere
of radius v/n. In fact, if G ~ N(0, I,,), then

G=UR, whereU=G/|G|, R=|G|

satisfies U ~ Unif(S"~1) and U and R are independent. Since R concentrates around /n, the probability
mass of G is mostly around a thin spherical layer of radius y/n. The absolute shell width stays of order one
while its radius grows like y/n, so the relative width tends to zero. The Gaussian and sphere distributions
are nevertheless different: one has a density in space, while the other lives on a sphere.

Theorem 4 (Uniform spherical distribution is subgaussian). Denote the inner product of vectors by (u,v) =
uv. The random vector X ~ Unif(,/nS"~1) satisfies

sup (X, u)lly, < C. (4)
wER™:||ul|=1

Namely, projecting X using any unit vector gives a subgaussian random variable with a norm bounded by C'.

This result is intuitively true because of the relation

G

X =g

Since |G| ~ /n and (G, u) ~ N(0,1) for any choice of unit vector u, we expect (4) is true.

Proof sketch. A rigorous proof is based on defining a “high probability event”

e={lc1= %"}


https://webapps.math.uci.edu/~rvershyn/papers/HDP-book/HDP-1.pdf

which satisfies P(£¢) < 2exp(—cn). So

P((X,u)| > 1)< P <|<G’“>| > and 5) + P(EY)

and S) + 2exp(—cn)

< 2exp(—t?/8) + 2exp(—cn).

For t < 4/n, the right side is at most gt Combining this with the trivial probability bound 1 and

reducing the absolute constant gives 26_02t2, the required subgaussian form. For ¢ > /n, the probability is

trivially zero since [{X,u)| < || X|| = v/n. O

Instructor’s Note Most Gaussian points live in a shell

The origin is the peak of the Gaussian density, but density at one location is not the same as probability in a
region. There are many more directions and much more volume away from the origin. In high dimension that balance
puts most points in a thin shell of radius about y/n, even though each coordinate is still ordinary Gaussian noise.

Radial concentration. For independent isotropic subgaussian coordinates, the Euclidean norm is close
to y/n, even though each coordinate fluctuates. This radial statement differs from concentration of a fixed
coordinate.

Most Gaussian mass occupies a thin relative shell
- n=

—:- n=10
— n=100

Probability density
w

.

~
——\,‘\_.__—_

0 T T T T 1
0.00 0.25 0.50 0.75 1.00 1.25 .50 1.75 2.00
Relative radius |G|2/v N

Figure 1: For G ~ N(0,1,), the relative radius ||G||2/+/n concentrates near one. The curves are exact radial
densities; the thin-shell statement concerns probability mass, not the density at a single point.

High priority Practice: Norm fluctuations for random signs



Exercise prompt. If the coordinates are independent signs taking values +1, what are || X||2 and the
limiting variance in the norm delta method?
See Exercise 3 in Section 7 for the full statement and complete solution.

4 Random projection

Mid priority Random projection

If we have a large collection of high-dimensional points @ := {z;}i<n C R?, we can reduce dimensionality
if the points are approximately in a low-dimensional subspace. A surprising result states that for an arbi-
trary collection of points, we can randomly map the points to a low-dimensional space while approximately
preserving the pairwise distances.

Theorem 5 (Johnson-Lindenstrauss lemma). Let ¢ € (0,1/2). There exists a constant C' such that the
following statement is true. Let k > (7127;;1\1 be an integer. Then there exists a linear mapping f : R? — RF
such that

A=z -yl <|f@) - fWI*< A+l —yll*,  forallzyeQ

This result is useful when d is much larger than O((log N)/e?).

Normalization. The Gaussian map f(z) = Az/Vk satisfies E || f(x) — f(y)||? = ||z — y||* for every fixed
pair. Concentration and a union bound then control all N(IN — 1)/2 pairwise distances simultaneously.

Proof. Let @ be fixed before drawing A € R**¢ whose entries are independent with A;; BN N(0,1). Our
goal is to show
P <(1 —e)lul* < HTAUH (1 —|—€)||u||2> >1—2exp (—c’k) , for any u € R%. (5)

Once this is proved, then we apply this inequality to u = x — y for every pair x,y € Q. By the union bound,

P (Vx ye, (1—e)|z—y|*< HTA T — )H2 <(1+e)|x —y||2) >1—2N?exp (—ce’k)

The right-hand side is larger than 1 — O(N~2) after choosing the absolute constant sufficiently large under
our assumption. To show Equation 5, we denote z = Au/ Vk. Tt is easy to check (by independence of the
Gaussian rows) that z ~ N (0, (||u]|?/k)I}) with independent coordinates. Each row of A has inner product
N(0, |ul|?) with u, and distinct rows are independent. Thus, our goal Equation 5 is the same as

P([l1212 = El2]?| < clull?) = 1 - 2exp (—csk)

If w = 0, the success event has probability one. We can assume without loss of generality that ||u|| = 1 since
we can always consider rescaling z/||u||. By Bernstein’s inequality in Equation (3), we get exactly the above
desired inequality. O

Finite-set dimension reduction. A Gaussian projection preserves the squared lengths of all pairwise
differences in a finite set after a union bound. The required target dimension grows logarithmically with the
number of points and quadratically in inverse distortion.

Mid priority  Practice: Count the required projections



Exercise prompt. If every fixed difference vector has distortion failure probability at most 2e—cek , give

a sufficient k for NV > 2 fixed points to have all pairwise distances preserved with probability at least 1 — a.
See Exercise 4 in Section 7 for the full statement and complete solution.

5 Further reading

Further reading Further reading

Section 2 follows Theorems 2.1.12-2.1.13 of [1]; the author’s text includes the proofs. The applications,
norm concentration, sphere geometry, and random projection follow [2, Sections 2.4, 3.1, 3.4, 5.3].

Key ideas
e Scalar tail bounds plus union bounds control many quantities simultaneously.
e A high-dimensional vector can have a concentrated norm without small coordinates.
e Gaussian direction and radius describe distinct geometric features.

e Random projections preserve a fixed finite set of distances when the target dimension is sufficiently
large.

6 Detailed reference

High priority  Uniform control

A union bound converts one-entry concentration into simultaneous control of graph degrees or covariance
entries. The number of quantities contributes a logarithmic factor through the chosen failure probability.
Return to the earlier explanation.

High priority Radial concentration

For independent isotropic subgaussian coordinates, the Euclidean norm is close to y/n, even though each
coordinate fluctuates. This radial statement differs from concentration of a fixed coordinate. Return to the
earlier explanation.

Mid priority  Finite-set dimension reduction

A Gaussian projection preserves the squared lengths of all pairwise differences in a finite set after a union
bound. The required target dimension grows logarithmically with the number of points and quadratically
in inverse distortion. Return to the earlier explanation.

Looking ahead

Lecture 16 asks for bounds that hold in every direction of a random matrix. The random-vector bounds
here combine with finite approximations to the sphere and union bounds. Continue to Lecture 16.
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7 Exercises and complete solutions

High priority A sharper degree requirement

Exercise 1 (A sharper degree requirement).
Use bounded Bernstein directly to show that for 0 < n < 1, P(max; |d; — d| > nd) < 2nexp[—n2d/(2(1 +

n/3))]-

Solution.

For fixed 7, d; — d sums independent centered Bernoulli terms with total variance at most d and absolute
bound 1. Substitute ¢ = nd into Bernstein to get the exponential factor. A union bound over n vertices
gives the assertion; degrees need not be mutually independent. Thus d > C, log(n/a) suffices for failure
probability at most «.

|

Low priority The norm is Lipschitz

Exercise 2 (The norm is Lipschitz).
Show that x — ||z||2 and A — ||Al|op are 1-Lipschitz with respect to Euclidean and Frobenius distance,
respectively.

Solution.
The reverse triangle inequality gives |||z|| — |ly|l| < ||z — y||. Likewise |||Allop — [|Bllop| < |4 — Bllop <
||A — B r, since the largest squared singular value is at most their sum. Both functions are also convex.
O

High priority Norm fluctuations for random signs

Exercise 3 (Norm fluctuations for random signs).
If the coordinates are independent signs taking values £1, what are || X||2 and the limiting variance in
the norm delta method?

Solution.
Each square is 1, so || X||2 = /n exactly. Also Var(X?) = 0, giving a degenerate limiting Normal with
variance zero. This demonstrates why the Gaussian variance 1/2 is not a universal norm fluctuation.
|

Mid priority Count the required projections

Exercise 4 (Count the required projections).

If every fixed difference vector has distortion failure probability at most 2€_C€2k, give a sufficient k for

N > 2 fixed points to have all pairwise distances preserved with probability at least 1 — a.

Solution. ,

There are at most N(N — 1)/2 unordered pairs. The failure probability is at most N(N — 1)e ¢ * <
N2e—<’F_Hence k > [2log N + log(1/a)]/(ce?) suffices. The point set is fixed independently of the random
map.

O

High priority All covariance entries at once

Exercise 5 (All covariance entries at once).

11



Under the coordinatewise subgaussian assumption, derive the max-norm covariance rate without assum-
ing logd < n.

Solution.

Products have v; norm at most 2K?, and centered products at most 4K2. Bernstein and a union
bound over d? entries give 2d? exp[—cnmin(t2,t)] for threshold C K?t. Taking t = C max{+/u/n,u/n} with
u = log(2d?/a) yields failure at most a for a sufficiently large absolute constant. This retains the linear-
deviation regime.

O

High priority The event comparison for a square root

Exercise 6 (The event comparison for a square root).
For z > 0, prove |z — 1| > § implies |2? — 1| > max(d, 2).

Solution.
If 2 > 146, then 22 —1 > 26+62. If 0 < z < 1—46, necessarily 6 < 1, and 1—22 > 26—62 > § = max(J, 62).
For § > 1 the second case is impossible.
|

High priority Covariance of a uniform direction

Exercise 7 (Covariance of a uniform direction).
For U ~ Unif(S*™1), prove EU =0 and EUU " = I,, /n.

Solution.

Reflecting one coordinate preserves the law, so each mean and each off-diagonal product expectation is
zero. Permuting coordinates preserves the law, so all diagonal second moments are equal. Their sum is
E||U||? = 1, giving 1/n each. Thus \/nU has identity covariance despite dependent coordinates.

|

Mid priority A general norm central limit theorem

Exercise 8 (A general norm central limit theorem).

For i.i.d. mean-zero unit-variance coordinates with finite fourth moment, prove the norm limit with
variance Var(X?)/4.

Solution.
Put Q, =n~'> X2. The CLT gives \/n(Q, —1) = N(0, Var(X?)). Since g(q) = /g has derivative 1/2
at 1, v/n(v/Qn — 1) = || X|| — v/n converges to the asserted law, including the zero-variance case.
|
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What changed

October 19, 2026: Corrected notation, wording and cross-references after the course-wide errata review; refreshed
the linked HTML and PDF editions.

October 14, 2026. Added issue-reporting links to the webpage and PDF. The mathematics and priority
assignments are unchanged in this update.

October 14, 2026 (figure follow-up). Restored the original high-dimensional cloud illustration. The deleted
Johnson—Lindenstrauss figure remains removed.
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