STAT 709 Mathematical Statistics Lecture 5 - Fall 2026

Lecture 5: Independence and statistical applications

Lecturer: Yiqiao Zhong

Report an issue

Last update: October 19, 2026

These notes support STAT 709 at the University of Wisconsin—-Madison. Use them alongside the cited
textbooks; corrections and questions are welcome.

High priority When observations change what we know

Lecture 4 explained how to average under a probability law. This lecture asks how that law changes when
we learn something. Independence means that observing one variable does not change the law of another;
conditional expectation gives an average adapted to the information available. These ideas connect product
measures to prediction, privacy, and statistical models with hidden variables.

We begin with equivalent descriptions of independence and sums of independent variables. We then
move from conditioning on an event to conditioning on a random variable. Regression provides the main
statistical application: the conditional mean is the best prediction under squared error. The Gaussian and
graphical-model material gives an optional extension.

Recap from earlier lectures
From Lectures 2—4: laws, expectations, products
Reminder only: this block introduces no new exam requirements.

¢ Expectation through a law. Eg(X) = fgdux handles discrete, continuous and mixed laws. Used
in Section 1.

Second moments. Cauchy-Schwarz controls products of L? variables. Used in Section 4.2.

o KL divergence. Dk (P||Q) > 0, with the stated absolute-continuity convention. Used in Section 4.1.

Fubini. Absolute integrability permits iterated integration under a product measure. Used in Section
1.

Generated sigma-algebra. o(X) records the events determined by observing X. Used in the optional
Section 3.4.

An asterisk in a topic heading marks optional material; the priority labels specify the reading scope.

Learning goals

e Recognize independence through probabilities, laws, densities, and expectations.
e Compute a conditional law or mean without dividing by a zero event probability.
e Apply the tower property and explain what information each conditional mean uses.

e Derive the prediction-error decomposition and distinguish uncorrelatedness, independence, and condi-
tional independence (optional extension).


https://yiqiao-zhong.github.io/stat709-fall2026/report-issue.html#page=lect-5
lect-4.html#lec04-expectation-definition
lect-4.html#lec04-law-definition
lect-4.html#lec04-holder
lect-4.html#lec04-kl-definition
lect-3.html#thm-l3-fubini
lect-2.html#definition-2

Priority guide

High Core concepts and calculations to master; directly examined.

Mid Supporting concepts useful in other lectures; in scope for examinations.
Low Enrichment supporting understanding; will not be examined.

Further reading Optional self-study, references, extensions, and historical notes.

A star (*) marks optional material; priority labels give the scope of each block. Lecture-specific exemptions
and the optional status of Part VI override the general exam guide.

1 Independence

High priority Four ways to recognize independence

For discrete variables the familiar condition is P(X = z,Y = y) = P(X = z)P(Y = y) at every possible
pair of values. For continuous variables, individual points usually have probability zero, so we must compare
probabilities of sets. Unless stated otherwise, all random variables below are defined on the same probability
space (€, F, P) and are real-valued.

Definition 1 (Joint independence). The variables X1, ..., X, are jointly independent if, for every choice
of Borel sets By, ..., By,
P(Xy € By,..., X, € By) = [[ P(X; € By). (1)
j=1

An infinite family is independent when every finite subfamily satisfies this condition. Pairwise indepen-
dence requires the condition only for pairs; it need not imply joint independence.

For example, two independent fair bits U, V' and their sum modulo two W are pairwise independent, but
W is determined by (U, V). The complete probability check is in Exercise 1.

Theorem 1 (CDF criterion). The variables X1, ..., X, are jointly independent if and only if

P(Xlgalv---vXngan):HP(XjSaj) (2)

j=1
forall ay,...,a, € R.

In CDF notation, this is Fx, . x,(a1,...,a,) = ]_[j Fx,(a;): the marginal CDFs need not be the same
function. Half-lines generate the Borel sets, and uniqueness of probability measures extends agreement on
their products to all Borel sets. A full proof uses the 7—\ theorem!; see Durrett, Theorems 2.1.6-2.1.8.

Product laws and densities. Equivalently, the joint law is the product measure

KXy, Xy = HXy ®"'®,LLX”. (3)

The measures agree on rectangles by (1), and the same uniqueness argument gives agreement everywhere.
If a joint Lebesgue density exists, independence is equivalent to

n
DXy X (T, Ty) = prj (z;) for Lebesgue-a.e. (z1,...,%y).
Jj=1

For a joint pmf on a countable product support, the equality holds at every point. The measure formulation
also covers mixed or singular laws.

L A 7-system is a collection closed under finite intersections. The 7\ theorem is a tool for extending identities from such a
generating collection to its entire sigma-algebra. Here it lets us check independence on half-lines instead of on every Borel set.


https://sites.math.duke.edu/~rtd/PTE/PTE5_011119.pdf

Testing with functions. Another equivalent criterion is that, for every collection of bounded Borel
functions fi,..., fa,

E Hfj(Xj) :HE[fj(Xj)]. (4)

Indicators recover the set definition. The converse starts with simple functions and then passes to bounded
limits; the full argument is in Exercise 1. The same identity holds when each f;(X;) is integrable: Tonelli
applied to the absolute product establishes integrability before Fubini is used. It is not enough to check only
EXY]=EXEY.

Exercise prompt. For independent X,Y, take simple Borel functions f,g. Use finite sums to derive
Ef(X)g(Y)] =E[f(X)]E[g(Y)]. See Exercise 1 in Section 6 for the full statement and complete solution.

Instructor’s Note Two separate randomizers

Imagine two machines, each using its own coin tosses. Knowing the first machine’s result gives you no clue
about the second. Independence turns a joint calculation into two separate calculations, which is why products keep
appearing. Sharing even one hidden coin can change the picture.

High priority The law of a sum

Sum of independent random variables. Recall the definition of independence. Let X, Y be independent
with laws ux, uy and CDFs Fx, Fy.

Proposition 1. For every z € R,
P(X+Y <z2)= / Fx(z —y) py (dy).
R

The notation py (dy) means integration in the value variable y against the law of Y'; it is the same operation
as dyy (y).

Proof. Use the joint law, then independence and Tonelli for a nonnegative indicator:

PX+Y <z)= /2 lippy<ay MX,Y(dx7dy)
R

:/R {/Rl{mgz_y},ux(dz) py (dy)
:/RFX(z—y)MY(dy)~

O

Picture: adding slices. Let X,Y be independent and uniform on [0, 1]. Move the boundary = + y = z:
what does each horizontal slice contribute to P(X +Y < 2)?

Reading the picture. Fixing y leaves the event X < z—y, with probability ¢.(y) = min(1, max(0, z—y)).
Its horizontal slice in the unit square has length ¢.(y). Averaging these lengths over 0 < y < 1 gives the
shaded area, hence the CDF of the sum. Ordinary area is probability here because the square has joint
density one. Proposition 1 uses the law py to make the same averaging argument more generally.



Static comparison. For 0 < z < 1 the area is 22/2; for 1 < 2 < 2 it is 1 — (2 — 2)?/2. The boundaries
z = 1/2,1,3/2 give areas 1/8,1/2,7/8. At z = 1,y = 1/4, the horizontal slice has length 3/4.  If
both variables have densities, their sum has the convolution density pxiy(z) = fR px(z — y)py (y) dy.
Integrating this candidate over (—oo, 2] and applying Tonelli gives the displayed CDF, which verifies the
formula. Each step uses material from the preceding lectures; it is worth identifying the measure and the
variable of integration before calculating.

Mid priority Gaussian sums and characteristic functions

Example 1 (Adding normal variables). If independent X ~ N(u1,02) and Y ~ N(uz,03), then X +Y ~
N(py + p2,0% + 02). A zero variance means a constant random variable.

Example 2 (Sums of squared normals). If Xi,...,X,, are independent N(0,1) variables, then 2?21 X? ~
X2. This is a Gamma law with shape n/2 and scale 2, with density

sn/271675/2

Siarr o 5> 0,
pls)={ 2°T(n/2)"
0, s <0.
Here () = [t et d.
Both calculations are supplied in Exercise 6.
Characteristic functions. The characteristic function of X is ¢x(t) = E[e?X] = E[cos(tX)] +

iE[sin(tX)] for t € R. Tt always exists because |¢?*X| = 1. Applying (4) to real and imaginary parts
shows that independence gives px 1y (t) = ¢x (t)¢y (t). For a normal variable,

PN (o2 (1) = expl(ipt — 017 /2).

Multiplication therefore adds normal means and variances. Characteristic functions determine laws uniquely;
the inversion and uniqueness proof is in [2], Section 3.3.1. Exercise 6 derives the normal formula directly,
rather than assuming it as an unexplained calculation.

Instructor’s Note Why the Gaussian law fits averaging

In 1809, Gauss in effect worked backward: if averaging equally precise, independent measurements should give
the most plausible value, what error law makes that happen? This route leads to Gaussian errors and, for fitting
linear relationships, least squares. Think of the normal law as a model chosen to make these familiar operations fit
together. In that light, Example 1 feels natural: adding or averaging independent Gaussian measurements keeps us
in the same family.

An earlier thread goes back to de Moivre’s normal approximation to the binomial distribution. Laplace’s work
on the central limit theorem in 1810, and later generalizations, gave the bell curve a much broader role. Intuitively,
many small independent effects can add up to approximately Gaussian noise, even when the individual effects are not
Gaussian. A distribution used to justify averaging also emerges from averaging! For historical accounts, see Aldrich’s
account of Gauss and Le Cam, pp. 79-81.

Used again in the characteristic-function proof of the CLT.


https://www.economics.soton.ac.uk/staff/aldrich/Figures.htm
https://www.economics.soton.ac.uk/staff/aldrich/Figures.htm
https://doi.org/10.1214/ss/1177013818
lect-10.html#sec-lec10-characteristic

2 Examples of independence

High priority A uniform direction from Gaussian noise

Uniform distribution on the sphere. Let G ~ N(0,I;) with d > 2, R = ||G|l2, and U = G/R on
{R > 0}. The event G = 0 has probability zero, so the value assigned to U there does not change its
law. The vector U belongs to S~! = {u € R? : |jul|s = 1}. For every orthogonal matrix Q € R4 QG
has the same law as G and ||QG||2 = ||G||2- Thus QU has the same law as U. In fact, U has normalized
surface-area measure on the sphere, the unique orthogonally invariant probability measure, and U and R
are independent. The polar-coordinate factorization proving the uniform law and independence is given in
Exercise 7. A separate further-reading argument establishes uniqueness of the invariant law. For d = 1, the
corresponding statement says that a normal variable’s sign is a fair choice from {—1,1}, independent of its
absolute value.

Instructor’s Note Direction and distance

Consider a heuristic argument based on symmetry. Rotating the Gaussian cloud changes its direction but not its
distance from the origin, and leaves its distribution unchanged. Think of the cloud as concentric shells. Every shell
looks the same in every direction. Learning which shell a point landed in tells you its distance from the center, but
gives you no preferred direction.

Picture: keep the direction. For G ~ N(0,I), compare the Gaussian cloud with G/||G||2 on the
unit circle. Keep only one shell: does it favor a direction? For a later connection, see Gaussian radius
concentration in Lecture 15.

Static picture. For d =2, write G = R(cos ©,sin©). The angle is uniform on [0, 27), and independent of
R. Two annuli with equal angular sectors illustrate the same angular proportions even though the probability
of the annuli differs.

Reading the picture. Dividing by the radius moves a point along its ray to the unit circle. For either
shell 1/2 < R < 3/2 or 3/2 < R < 5/2, a sector of a degrees has conditional probability «/360. The shell’s
probability is P(a < R < b) = e~ /2 _ =t/ 2. so each quadrant has one quarter of that shell’s probability.
In a fixed sample of 600 points, the observed sector fractions fluctuate around these exact proportions. The
complete polar-coordinate proof explains the uniform direction and its independence from the radius.

Mid priority  Information and privacy

Mutual information. The mutual information of X,Y is

I(X;Y) = Dxr(px,yllnx ® py).

Use the Lecture 4 convention: Dkr,(P||Q) = +oo when P £ Q; otherwise it is [ rlogrdQ with r = dP/dQ
and 0log0 = 0. Mutual information may be infinite. It compares the actual joint law with the law that
would have the same marginals but independent coordinates. Consequently I(X;Y) > 0, with equality
exactly when XY are independent. Swapping the coordinates gives I(X;Y) = I(Y; X). Section 4.1 makes
the connection to learning from an observation explicit.

Instructor’s Note What does one variable tell us about another?

Intuitively speaking, mutual information measures how much observing one variable tells us about another. Before
observing X, we use the marginal law of Y; after observing X = z, we use its conditional law. If our picture of Y
does not change, the observation has told us nothing about it.



lect-15.html#lec15-fig-shell
lect-15.html#lec15-fig-shell
lect-4.html#lec04-kl-definition

Differential privacy. A database is a vector D € D™ of n users’ records. Releasing an exact average
can expose a missing record: if three incomes are averaged and an observer knows two, the third can be
recovered. A randomized algorithm adds uncertainty to its output while trying to preserve useful aggregate
information. Its probability is over the algorithm’s random coins, with the database held fixed.

Fix € > 0. A real-valued randomized algorithm M is e-differentially private under replacement
adjacency if, for every pair D, D’ € D™ differing in one record and every Borel output set S C R,

P(M(D) € 8) < e P(M(D') € ).

The condition also applies with D, D’ exchanged. Small € makes the output distributions similar when one
person’s record is replaced. This fixed-size model protects the record’s value; adding or removing a person
is another adjacency convention, not the one used here.

Independent composition. Suppose M is ¢;-private and the mechanisms use independent random coins
for each fixed database. Releasing the whole vector (M1(D), ..., M (D)) is 3, €;-private. The bound must
hold for every measurable output set, not just a product of intervals; a complete measure argument is in
Exercise 8. Adaptive composition also holds when each next release is private conditional on every prior
transcript. That stronger result is outside this proof; see Dwork and Roth, Section 3.5 and Appendix B.1.

Instructor’s Note Several glimpses of one record

One noisy answer gives a blurry glimpse of the data. Several answers give several glimpses, and together they
can be more revealing. Composition keeps an account of the information released across those answers. Intuitively
speaking, the noise makes it hard to distinguish two databases that differ in one person’s record by looking at their
released answers.

3 Conditional expectation

High priority How this section progresses

We progress from elementary definitions in Section 3.1 to a working definition using conditional laws in
Section 3.2. The optional Markov-chain examples in Section 3.3 illustrate these conditional laws. The
general o-algebra definition in Section 3.4 is left to self-study; it is useful for readers interested in probability
theory and stochastic processes. We then return to the working rules for conditional means in Section 3.5.

3.1 Events, values, and densities

High priority Restrict and renormalize

Conditioning on an event. For A € F with P(A) > 0, define

P(BNA)

P(B|A)= =55

Be F. (5)

We keep only outcomes in A and renormalize their total probability to one. Conditioning on A€ is defined
by the same formula when P(A€) > 0.

Exercise prompt. Verify that B — P(B | A) is a probability measure when P(A) > 0. See Exercise 2 in
Section 6 for the full statement and complete solution.


https://www.cis.upenn.edu/~aaroth/Papers/privacybook.pdf

Conditioning on a value. For a discrete Y and P(Y =y) >0, P(B|Y =y) = P(BN{Y =y})/P(Y =
y). Event conditioning is the case Y = 14, y = 1. For a continuously distributed Y, the denominator
is zero at each point, so this quotient cannot define conditioning on Y = y. If a joint density exists, let
py (y) = [ px,y(z,y)dz. For 0 < py(y) < oo, a conditional density is

pPxy (Jf, y)

— . (6)
py (y)

It is nonnegative and integrates to one. The discrete formula uses sums instead of integrals. Values of y

outside this set have zero probability under the law of Y and can be assigned a fixed probability law. What
matters is a family of laws that averages back to the joint law, as specified next.

pX\Y(l‘ ly) =

Instructor’s Note A law for each possible observation

Intuitively speaking, learning Y = y selects one probability law for X from a family indexed by the possible
observations. This is a useful working picture for statistics even when a pmf or a Lebesgue density does not exist, as
with a distribution on a sphere. More complicated observations, such as a whole sequence Y1, Ys, ..., motivate the
general definition left for self-study.

3.2 Regular conditional distributions

High priority A law for each observed value

Definition 2 (Conditional law and conditional mean). For random vectors X € RP, Y € R?, a regular
conditional distribution of X given'Y is a family K (y,-) of probability measures on (RP, B(RP)) such that
y — K(y, A) is Borel measurable for each Borel A and

P(Xe€AY eB)= /BK(y,A) v (dy) (A€ B(R?), B € B(RY)). (7)

We write K(y,A) = P(X € A|Y =vy). When X is real and integrable, define h(y) = [z K(y,dx) where
the absolute integral is finite, and set h =0 elsewhere. Then E[X |Y =y] = h(y) and E[X | Y] = h(Y).

Such a family exists for Euclidean-valued random vectors; see Durrett, Theorems 4.1.17-4.1.18. Its
measures are on the value space of X, not on the original sample space 2. The family is determined only
for yiy-almost every y. Two choices are called versions®. For a joint density, K(y,A) = [, px|v(z | y) dx
at the values where (6) applies. Mixed distributions and distributions on a sphere fit the same definition
without a Lebesgue density.

Averaging the conditional averages. Extending (7) from indicators to simple functions and then using
monotone convergence gives

Blo(0] = [ | [ a0k )

for nonnegative g, and for signed g with E|g(X)| < oo by subtracting positive and negative parts. In
particular, [ [ |z|K(y,dz)uy (dy) = E|X| < oo, which justifies the definition of h almost everywhere and
gives the tower identity
EX —E[E(X| V)= [ BX|Y =yl ().
Ra
Here h is a function on the observation space and h(Y") is a random variable on . For densities the formula
is h(y) = [pxpxy (x| y) de.

2 Two versions represent the same conditional quantity but may differ on observed values in a set of probability zero.
Substituting the random observation Y into either version gives equal random variables almost surely. A particular zero-
probability value is not fixed by this agreement.


https://sites.math.duke.edu/~rtd/PTE/PTE5_011119.pdf

Picture: the information you keep. Consider six outcomes with values X = (0,2,2,4,6,8) and prob-
abilities (1,1,2,2,1,1)/8. Let Y = A for the first three outcomes and Y = B for the last three. What can
your prediction use when you know only the group?

Reading the picture. Replace each outcome by its group’s probability-weighted average. Both groups
have probability 1/2. Their conditional weights are (1/4,1/4,1/2) in A and (1/2,1/4,1/4) in B, giving
h(A) = 3/2 and h(B) = 11/2. The random variable h(Y) = E[X | Y] assigns the appropriate group mean
to each outcome; it is constant within a group. Averaging the predictions gives % . % + % - 12—1 = % =EX.

Static comparison. With no observation, all six predictions are 7/2. Observing the group gives
(3/2,3/2,3/2,11/2,11/2,11/2);
observing the exact outcome gives (0,2, 2,4, 6,8). In all three cases the probability-weighted mean prediction

is 7/2. Tile widths show probabilities, while bar heights show values. This example uses different probabilities
and values from Exercise 4.

Mid priority Miztures as a two-stage experiment

Example 3 (A latent mixture). Let Y be a fair Bernoulli variable. Conditional on' Y = 0, draw X from
a discrete law pg; conditional on' Y = 1, draw X with density h. The variable Y is a latent variable: it
selects the component but need not be observed along with X. This gives a probabilistic construction for the
mized law from Lecture 4.

Exercise prompt. For the model in Example 3, find P(X € B) for every Borel set B and identify the
two component weights. See Exercise 3 in Section 6 for the full statement and complete solution.

High priority Conditional averages on groups

A finite information partition. If observing Y separates the sample space into groups, E[X | Y] assigns
each group its own probability-weighted average of X. One value is used throughout each group: we know
the group, not the exact outcome.

First toss H First toss T
2.0 A
wn
}% Conditional mean 1.5
]
< 1.5
—
o
—_
(0]
Q0
£ 1.0 -
=}
=2
Conditional mean 0.5
0.5 A1
0.0 . : : :

HH HT TH T

For two fair tosses, let X count heads. If only the first toss is known, the conditional mean is 3/2 on
{HH,HT} and 1/2 on {TH,TT}. The same information blocks appeared in Lecture 2.


lect-4.html#lec04-mixture-fallback
lect-2.html#lec02-finite-information

Exercise prompt. Four equally likely outcomes have X values 0, 2,4, 8; observing Y reveals whether the
outcome is in the first pair or the last pair. Find E[X | Y] on the four outcomes and check its overall mean.
See Exercise 4 in Section 6 for the full statement and complete solution.

3.3 Markov chains from conditional laws

Low priority  From a transition rule to a random sequence

The next-state law. Take a state space S = R, or a finite subset of R, with its Borel sets. A transition
kernel K (x, A) specifies a probability law K (z,-) for each current state x; for each Borel A, the function
x — K(x, A) must be measurable. These are the same two requirements as in the conditional-law definition.
A sequence Xy, X1, ... is a time-homogeneous Markov chain with kernel K if, for every n > 0 and Borel
A

P(X,41 € A Xo,...,Xn) =K(X,,A) as.
Thus the conditional law given the entire history depends only on the current state; “time-homogeneous”
means that the same rule K is used at every step. Intuitively, the current state tells us which distribution
to use for the next draw.

Constructing the sequence. Choose an initial law p for Xy. The kernel then gives the probabilities of
finite paths by successive integration:

P(XO €A0,...,Xn EAn) :/ ‘LL(d.’Eo) K(.’Eo,d(ﬂl)/ K(xn,l,dxn).
Ao Ay An

Taking the last set to be S integrates the last factor to one, recovering the shorter-path probability. For the

state spaces above, these consistent probabilities determine a law on entire sequences. Durrett’s construction

and verification of the Markov property are in [2], Section 5.2, equation (5.2.1) and Theorem 5.2.1, pp. 273~

274.

Example: a two-state weather chain. Let 0 mean dry and 1 mean rainy, and start with Xy = 0.
Specify the next day’s law by

T=(03 07) KeA= 3 ma)

je{o.1}

Rows index today’s state, columns tomorrow’s; each row is a probability distribution. To construct the
chain explicitly, take independent Uy, Us, ... ~ Unif(0, 1) and set X411 = 14y, <qx, }» Where go = 0.2 and
q1 = 0.7. Each new uniform draw is independent of the preceding history. For example, a dry-rainy—dry
path has probability P(X; =1, X5 = 0) = 0.2-0.3 = 0.06, while summing over the two possible intermediate
states gives

P(X5=1)=0.8-0.2+0.2-0.7 = 0.30.

Example: a Gaussian recursion. Let Xo=0and X, 1 = X,,/2+ Z,,41, where Z1, Zs, ... are indepen-
dent N(0,1) variables. Its transition kernel is

Ko d)= [ oly=o/dy o) = m) V271,

Given the current state x, the next-state law is N(z/2,1). In particular, this version gives P(X,,+1 > 0 |
X, =) = ®(x/2), where ® is the standard normal CDF, and E[X,,11 | X, = 2] = z/2. For n > 1, X, has
a continuous density, so P(X,, = z) = 0 for every fixed z. The kernel still specifies a meaningful conditional
law; we never divide by that zero probability.


https://sites.math.duke.edu/~rtd/PTE/PTE5_011119.pdf#page=281
https://sites.math.duke.edu/~rtd/PTE/PTE5_011119.pdf#page=281

Why these are regular conditional laws. Write H,, = (Xo,...,X,) and let uy, be its law. In either
construction, the fresh noise is independent of H,,. Integrating first over that noise gives, for every Borel
history set B,

P(Xo1 € A H, € B) =/ K (20, A) i, (d(zo, .., 21)).
B

This is exactly (7), with X, 1 as the next observation and H,, as the conditioning vector. Thus K(zp,")
is a regular conditional distribution given the history. The construction specifies one version, including at
history values of probability zero.

3.4 A general definition*

Low priority Information as a sigma-algebra

Definition 3 (Conditional expectation given information). Let E|X| < co and let A C F be a sub-sigma-
algebra. A conditional expectation E[X | A] is an integrable, A-measurable random variable H such that
fA HdP = fA X dP for every A € A. It exists and is unique almost surely.

The existence follows by applying Radon—Nikodym on (2,.4, P) to the finite positive measures A —
fA XtdP and A — fA X ~dP, and subtracting their densities. For uniqueness, if H, H' both work, integrate
their difference on {H — H' > 1/k} € A for each positive integer k. The integral is zero, so all these sets
have probability zero; exchange H, H' to conclude H = H' a.s.

IfY :(Q,F) — (A G) is measurable, then

o(Y)={Y"YB):Becg}.

The symbol is B € G, not B C G. Define E[X | Y] = E[X | o(Y)] and P(A | A) = E[14 | A]. The
factorization lemma3 gives a measurable h with E[X | Y] = h(Y); for Euclidean Y, h is Borel measurable.
Its values are only determined py-a.e. The conditional-law construction above satisfies the defining integral
identities and hence is a version of this conditional expectation. See [2], Section 4.1, for the general framework,
including conditioning on an infinite observation sequence.

Remark 1 (Two extremes of information). For A = {0,Q}, E[X | A] = EX a.s. If o(X) C A, then
E[X | A] = X a.s. In each case the proposed variable is measurable with respect to the available information
and has the required integrals.

Instructor’s Note A coarser mesh

Intuitively speaking, o(Y) contains the events that we can tell apart by observing Y. This lets us focus on the
information relevant to our observation even when the full sample space is very large or abstract. Imagine putting
a mesh over the outcomes and replacing the values inside each cell by their average. A coarse mesh remembers only
broad groups; a finer mesh keeps more detail. One giant cell gives the overall mean. If the mesh already tells you
the value of X, averaging changes nothing.

3 The measurable factorization lemma says that a real-valued function measurable with respect to o(Y) can be written as
h(Y) for a measurable function h. It turns “depends only on the information in Y” into an actual function of the observed
value.
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Conditional convergence theorems. Conditional expectations of nonnegative variables are also defined
with values in [0, 0o], by increasing integrable truncations. With this convention,

0<X,1t1X = EX,|ATEX]|A as,
X, >0 = ElliminfX, | A <liminfE[X,, | A] a.s.
If X,, » X as. and |X,,| <V as. for an integrable V > 0, then E[X,, | A] — E[X | A] a.s. These are

conditional MCT, Fatou, and DCT. Their proofs, allowing infinite limits only in the nonnegative statements,
are supplied in Exercise 14.

The tower rule in general notation. For integrable X and Ay C A,
E[E(X [ A) | Ao] = E[X | Ag] = E[E(X | Ao) | A] aus.

The testing argument in Exercise 9 extends to this notation by testing on events in the nested sigma-algebras.
The working rules below use only conditional laws given observed variables.

3.5 Working rules for conditional means

High priority Linearity, known factors, and successive averages
Proposition 2. For integrable X, X1, Xo, constants a,b, and Fuclidean observations Y, Z, the following
identities hold almost surely.

1. Linearity: ElaX, +bXs | Y] =aE[X; | Y]+ VE[X2 | Y].

2. Known factors: for bounded Borel g, Elg(Y)X | Y] = g(Y)E[X | Y]. The identity also holds if g(Y)
is unbounded and both sides are integrable; it suffices that E|X| < oo and E|g(Y)X]| < oco.

3. If Z is a measurable function of Y, then E[E(X |Y) | Z] =E[X | Z] and E[E(X | Z) | Y] =E[X | Z].
4. If X)Y are independent, E[X | Y] =EX.

Why the observations must be nested. The tower rule above requires Z = f(Y): observing Y also
tells us Z. For example, Y could record an exact temperature in degrees Celsius, while Z = 14y} records
only whether it is above freezing. For any integrable quantity X, averaging E[X | Y] within each Z-group
gives E[X | Z]. Conversely, E[X | Z] is already known once Y is observed, so conditioning it on Y changes
nothing. These identities need not hold for two arbitrary observations. The proof in Exercise 9 uses only
the conditional-law identity in (7) and integration.

Used again in sufficiency, Rao—Blackwell averaging.

4 Applications of conditional expectation
4.1 Mutual information (continued)

Mid priority Information as a change in the conditional law

Suppose X, Y have a joint Lebesgue density, or a joint pmf on a countable product support. Conditional
laws are specified for px-almost every z, not necessarily at every conceivable value. Then

I(X:Y) = / Dict, sty x—s o) o (d). (8)

This equality is valid even when its value is +00. A rigorous route avoids an unjustified exchange of a signed
logarithmic integral: write r = px y/(pxpy) on the product-marginal support and use (r) = rlogr—r+1 >
0 with Tonelli. The full calculation is in Exercise 11.
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When observing X changes nothing. If XY are independent, the constant family K(x, A) = uy (A)
satisfies the conditional-law identity. Thus p1y|x—, = py for px-a.e. x, and (8) equals zero. Conversely, zero
mutual information gives equality of the joint and product laws, hence independence. The same exercise
proves this without assuming a density when the KL divergence is defined on laws.

4.2 Regression function

High priority The best prediction under squared error

Let Y € R be a response, let Z € RP be observed predictors, and assume E[Y?] < co. We seek a Borel
function g minimizing E[(Y —¢(Z))?]. The available information is Z; a predictor cannot use the unobserved
value of Y.

Lemma 1 (Best constant prediction). For every ¢ € R, E[(Y — ¢)?] = var(Y) + (¢ — EY)2. Thus the best
constant isc =EY.

Expand Y —c= (Y —EY)+ (EY — ¢); the cross term has mean zero. Now recall the conditional mean
and define the regression function
u(z) =ElY | Z = 2). 9)

It is defined up to pz-null sets, which give the same random prediction u(Z) almost surely.

Theorem 2 (Squared-error decomposition). If E[Y?] < oo and E[g(Z)?] < oo, then
E[(Y — 9(2))’] = E[(Y - 1(2))*] + E[(9(Z) — u(Z))?]. (10)

The unique minimizing random prediction is g(Z) = u(Z) a.s.; equivalently, g = u for uz-almost every
predictor value.

Every predictor with finite risk is square-integrable, since g(Z)? < 2(Y — g(Z))? + 2Y2. Thus the stated
class loses no finite-risk competitor. Conditional Cauchy—Schwarz gives E[u(Z)?] < E[Y2]. The essential
cancellation is E[(Y —u(Z))h(Z)] = 0 for each square-integrable h(Z). A complete justification and expansion
are in Exercise 10; see also [1], Section 1.4.

From the optimum to data. Theorem 2 identifies the optimal prediction function in theory, but the
joint distribution of (Y, Z) is usually unknown. In practice, we approximate the conditional expectation u(z)
within a chosen class of functions and estimate it from observed pairs (Z;,Y;).

Instructor’s Note A foundation for regression

Theorem 2 is a foundational result in statistics: it gives us a target before we choose a method for learning it.
Nonparametric estimation tries to learn this conditional mean without forcing it to follow a fixed linear form.
When the response and predictors are jointly Gaussian, the conditional mean is linear after centering, connecting the
theorem directly to linear regression; see Section 4.3. Robust statistics asks how to make our procedures less
sensitive to extreme observations. In robust regression, we can replace squared error by a loss that grows more slowly,
so a few large residuals do not dominate the fit. Absolute error, for example, targets a conditional median instead
of a conditional mean. Think of the loss as deciding what counts as a good prediction, and the statistical method
as learning that target from data. For these connections, see Hastie, Tibshirani, and Friedman, The Elements of
Statistical Learning, Sections 2.4 and 10.6.
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Noise and explained variation. Writing Y = u(Z) + ¢ defines the residual e = Y — p(Z) and gives
Ele | Z] = 0. In particular, ¢ is uncorrelated with p(Z) and

var(Y) = var(u(Z2)) + var(e), E[e?] = E[var(Y | Z)].

Here var(Y | Z) = E[(Y —u(Z))? | Z]. Zero conditional mean does not assert that the residual is independent
of Z. The first risk term is irreducible error for prediction using these particular predictors and squared
loss.

Exercise prompt. Let Z be equally likely to be —1 or 1, and suppose Y = Z + ¢, E[e | Z] = 0, and
Ele? | Z] = 1+ Z/2. Find the regression function, its optimal mean squared error, and var(Y). See
Exercise 5 in Section 6 for the full statement and complete solution.

Instructor’s Note An average for people like this

The overall mean gives everyone the same prediction. Regression first looks for outcomes with the same observed
predictors and averages within that group. The remaining error is the variation inside the group; better fitting
cannot remove variation that the predictors do not tell us about. Intuitively speaking, even with infinite samples and
a perfect statistical method, that within-group variation remains. This is why we regard p(Z) as the target or “gold
standard” for predicting Y from Z.

Picture: the best prediction in a group. For z =0,1,2, suppose that Y = z — 1 or z + 1, each with
conditional probability 1/2. Which prediction ¢ minimizes the average squared distance in each group?

A static prediction picture. At predictor values z = 0, 1,2, suppose the response equals z — 1 or z + 1
with equal conditional probabilities. Its conditional mean is z and the conditional squared-error loss at a
prediction ¢ is 1 + (¢ — z)2. The three loss curves have the same shape, centered at their respective group
means. This is an illustration of the theorem, separate from Exercise 5.

Reading the picture. The average squared residual is 2(z — 1 —¢)? + 2(2 4+ 1—¢)? =1+ (c — 2). The
first term is remaining noise; the second is the cost of missing the conditional mean. Choosing ¢ = z gives
the minimum 1 in each group. The three means (0,0), (1, 1), (2,2) describe the regression function at these
predictor values; a line joining them is only a visual guide. This is a population conditional mean, with no
sample fitting involved. See the squared-error decomposition and its complete proof.

Mid priority Modeling the regression function

Flexible and restricted predictors. A nonparametric model allows a broad class of regression func-
tions; methods such as kernel smoothing* estimate local averages. A parametric model instead restricts
the function to a family described by finitely many parameters, for example u(Z) = By + 8" f(Z) for a
fixed feature map f. If that model is incorrect, least squares finds the best approximation within the chosen
family, rather than necessarily the full conditional mean.

Instructor’s Note A large space of possible curves

Intuitively speaking, a nonparametric model gives us a large space of possible regression functions to search
through. That freedom is useful, but it also makes learning the function harder. A parametric model, such as a line
or a fixed set of features, gives us a simpler and more convenient family to work with.

4 Kernel smoothing estimates a mean near a predictor value by giving more weight to observations with nearby predictors.
A bandwidth controls how wide a neighborhood contributes. This statistical smoothing use of “kernel” is different from a
conditional-probability kernel.
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4.3 Conditional multivariate normal*

Low priority Gaussian regression and residual covariance

What happens when the response and predictors are jointly Gaussian? Since the regression function is a
conditional mean, studying the conditional Gaussian law will show why a linear predictor arises here. Let
X ~ N(u,X) with ¥ positive definite, and partition X = (X, X)) with dimensions m and d — m,
where 1 < m < d. Write

(1) »ni)  n(12)
_ (M _ _ y(12) y(22)y-1
I (M(Q)) ; Y (2(21) 2(22)) ; B =3X"2(Z9Y)7
The principal block £(22) is positive definite and invertible. The Schur complement

S =%/50C2) = n0) _ 502)(5(22))-1x(21)

is also positive definite: for nonzero v, use w = —(X*2)~18Cy to get v’ Sv = (v,w) (v, w) > 0. The
precision matrix is © = £ !, and its blocks are

() — S 002 — —-S71B,

9(21) _ —BTS_l, @(22) _ (2(22))—1 + BTS_IB.

Multiplication by X verifies these identities directly.
The conditional law is

XU x® =gy ~ N(,u(l) + B(zo — n@), S) .

The mean is affine in x5 (linear after centering), and the conditional covariance does not depend on z5. The
residual XM — M — B(X® — (2} is jointly Gaussian with X(?) and has zero cross-covariance with it,
hence is independent of it. Exercise 12 gives the complete argument, including why uncorrelated Gaussian
blocks are independent.

When p = 0, the population least-squares matrix is

argmin  E|| XM — CcXx® |2 = x(12)(5(22)-1, (11)
CeRmX(dwa

The best linear coefficient has this form for any centered vector with finite second moments and invertible
predictor covariance; Gaussianity makes the unrestricted conditional mean linear as well.

Remark 2 (Population and sample regression). For scalar responses y; and predictor columns z;, least
squares without an intercept gives

—1
~ 1 1
1 1
when the matriz_is invertible. These are raw secondAmoments unless the data have been centered. With an
intercept, write ., =n 1Y (21 — 2)(z — 2)T and X, =n"'Y" (2 — 2)(yi — §). Then
§=S'%.,, Go=y—0"z (12)

The 1/n normalization is retained. The transpose relative to (11) reflects a column coefficient for a scalar
response versus a matrix mapping predictor columns to response columns. These sample coefficients do not
require Gaussian data; the Gaussian model supplies the conditional-distribution interpretation. The normal-
equation calculations are in Exercise 12.

14



Conditional independence. Given Z, X and Y are conditionally independent if, for all Borel A, B,
PXeAYeB|Z2)=P(XeA|Z)PYeB|Z) as.

This definition is symmetric. For Euclidean variables it is equivalent to P(C | X,Z) = P(C | Z) a.s. for
every C € o(Y'). With joint densities or pmfs, the corresponding conditional density factorizes for pz-a.e. z
and almost every pair (z,y). The kernel argument for these equivalences is in Exercise 13.

Gaussian graphical model. For X ~ N(0,Y) with positive definite X, let vertices represent its coordi-
nates. Covariance describes marginal association; a graph for conditional association instead uses © = £ 71.
For i # j, ©;; = 0 if and only if X;, X; are independent given all the other coordinates. To see the mecha-
nism, condition on those coordinates: the conditional pair’s precision is the 2 x 2 principal block of ©. The
proof and its converse are in Exercise 13. Population edges correspond to monzero entries, whether positive
or negative. Estimated graphs often threshold absolute partial correlations |0;;]/1/©;;0;;; estimation is a
separate problem.

Instructor’s Note Which associations remain?

Suppose we want to build a network from observed data. Intuitively speaking, one first idea is to connect variables
that move together. But two variables may move together because they share another influence. A Gaussian graph
based on the precision matrix asks which associations remain after the other variables have been taken into account.

Key ideas
e Independence factors joint laws and expectations of products.

e Conditional laws describe uncertainty after an observation; conditional means average within that
information.

e The tower rule requires nested observations when conditioning twice.

e Conditional expectation is the best squared-error predictor; in practice it must be estimated from data.

Looking ahead

Lecture 6 moves from a known law to a family indexed by an unknown parameter. Conditional laws will
explain when a statistic preserves the information in the data. Continue to Lecture 6.
You have finished Part I-—check yourself. Preview Part II.

5 Further reading*

Further reading Proof references and connections

The original references remain useful: [3], Section 1.4, and [2], Sections 2.1 and 4.1, for independence and
conditional expectation; [1], Section 1.4, for regression. Characteristic-function uniqueness is developed
in Durrett, Section 3.3.1. The conditional-distribution existence proof is in Theorems 4.1.17-4.1.18; the
elementary kernel calculations in the exercises do not reproduce that existence theorem. Dwork and Roth’s
linked text develops adaptive privacy composition beyond the independent-release case treated here.
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Haar measure. Haar measure is an invariant measure on a locally compact group. On a compact group it
can be normalized to total mass one. For the orthogonal group, a uniformly random orthogonal transforma-
tion sends a fixed unit vector to the uniform law on the sphere. This connects the rotation-invariant picture
to a general symmetry construction. For a construction and proof of Haar probability on the orthogonal
group, see Meckes, The Random Matriz Theory of the Classical Compact Groups, Chapter 1.

An optional uniqueness argument. Uniqueness of the invariant sphere law follows from normalized
Haar probability on the orthogonal group. Let @ have that law. For any two unit vectors u,v, choose an
orthogonal T' with v = T'u; right invariance implies Qv = QTu and Qu have the same law. Hence E[f(Qu)]
is constant in u. If U has any orthogonally invariant sphere law and is independent of ), conditioning on @)
gives E f(QU) = E f(U), while conditioning on U gives the same constant for every invariant law. Taking
indicator functions proves uniqueness. The existence of Haar probability is the general theorem used in this
last argument.

Conditional independence and Markov chains. For a three-variable chain X — Z — Y, the Markov
condition says that the conditional law of Y given (X, Z) depends only on Z. Equivalently, X and Y are
conditionally independent given Z. One can view this as forgetting the earlier state once the present state
is known. This probabilistic factorization alone does not assert causation.

6 Exercises and complete solutions

The five short prompts in the main text lead to Exercises 1-5 below. The remaining exercises supply omitted
calculations and proof details.

High priority Ezercise 1: recognizing independence

Exercise 1. For independent X,Y and finite-valued simple Borel functions f,g, derive E[f(X)g(Y)] =
E[f(X)]E[g(Y)] by expanding sums. Extend the result to bounded Borel functions and then to integrable
f(X),g(Y); explain the converse using indicators. Finally verify that independent fair bits U,V and W =
U +V (mod 2) are pairwise but not jointly independent.

Solution. Write f =3 a;14, and g =) y bj1p,. Linearity and independence give

E[f(X)g(Y)] = _a;b;P(X € A;)P(Y € B;) (Z a;P(X € A;) ) > b;P(Y € B;)

.9 J

For bounded f, g, choose simple approximations converging pointwise and bounded by fixed constants. Their
products converge pointwise and are bounded by a constant, so DCT passes the identity to the limit on both
sides. Conversely, f = 14, g = 1p recover independence. The same finite expansion and approximation
work for any finite number of functions, proving (4) and its converse.

For integrable functions, the joint law is a product law, and Tonelli gives

/If y)| px (do) iy (dy) = (/fldux) (/ |g|d,uy> <o

Fubini now applies to the signed product and gives the same factorization. Iterating proves the finite-family
version.

The four equally likely triples (U, V, W) are (0,0,0),(0,1,1),(1,0,1),(1,1,0). Each pair takes its four
possible values with probability 1/4, so every pair is independent. But P(U =0,V =0, W = 1) = 0, whereas
the product of the three marginal probabilities is 1/8. Joint independence fails. ]
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High priority Ezercise 2: event conditioning

Exercise 2. For A € F with P(A) > 0, prove that Q(B) = P(B N A)/P(A) is a probability measure on
(Q, F). Explain what fails if P(A4) = 0.

Solution. Clearly Q(B) > 0 and Q(Q2) = P(A)/P(A) = 1. If the B; are disjoint, then their intersections
with A are disjoint, and countable additivity of P gives

Usi| =
J

ZPBHA

_ZQ

These are the probability axioms. If P(A) = 0, every numerator is zero and the quotient is 0/0; it specifies
no probability law. Conditional densities or regular conditional distributions use an averaging identity to
handle observations with zero point probability. O

Mid priority Ezercise 3: a mized law

Exercise 3. In Example 3, compute P(X € B) for a Borel set B. Give the corresponding formula for
E[f(X)] when f is nonnegative or integrable under the marginal law.
Solution. The events {Y = 0},{Y = 1} form a partition, each with probability 1/2. Therefore

1

P(XeB)=>» P(Y X€B|Y—])—2uo(B)+%/h(m)dx.
3=0 B

The marginal measure is px = % Lo+ %h dz: the two stages produce the original discrete—continuous mixture.
Indicators give the probability formula; simple approximation and MCT extend it to nonnegative f. Applying
this to positive and negative parts gives, for integrable f,

E[f(X)) = } / Fuo+ 1 / f(@)h(z) dz

Static diagram description. A fair selector branches to the discrete law py and the density h, each with
weight 1/2. Both branches join at the observed variable X; forgetting which branch was taken leaves the
weighted marginal measure. O

High priority Ezercise 4: a finite information partition

Exercise 4. Four equally likely outcomes have X values 0,2,4,8. The observation Y identifies the first
pair or the last pair. Compute E[X | Y] on each outcome and verify both its overall mean and its defining
integrals over the two groups.

Solution. Within either group, the two conditional probabilities are 1/2. The conditional means are
(0+2)/2=1and (44 8)/2 =6. Thus E[X | Y] has values (1,1,6,6) and

EEX |Y)]=301+1+6+6)=7=3(0+2+4+8) =EX.

On the first group the integrals of X and its conditional mean both equal 1/2; on the second both equal 3.
The only other unions of groups are the empty set and the whole space, so the defining identities hold.
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Static diagram description. Arrange four equal cells with values 0,2 | 4,8. Draw one bracket over each
pair. Replacing the pair values by their averages gives 1,1 | 6,6: the information keeps the brackets but
loses positions within them. O

High priority Ezercise 5: prediction and residual variation

Exercise 5. Suppose P(Z = -1)=P(Z=1)=1/2,Y =Z+¢,E[c| Z] =0, and E[e? | Z] = 1 + Z/2.
Compute the regression function, its minimum squared-error risk, and var(Y’). Can € be independent of Z?

Solution. The tower identity gives E[e?] = 1 + EZ/2 = 1, so Y is square-integrable. Taking conditional
means gives u(Z) = Z. Its risk is E[(Y — Z)?] = E[¢?] = 1. Also EY = 0 and E[Z¢] = E[ZE(e | Z)] = 0.
Consequently

var(Y) = E[Z?] 4+ 2E[Ze] + E[¢?] = 2

Independence would make E[e? | Z] = E[e?] = 1, contradicting its two values 1/2 and 3/2. Thus zero
conditional mean does not imply independence. The assumptions are consistent: take ¢ = /1 + Z/2V with
an independent fair sign V. O

Mid priority Ezercise 6: normal sums and squares

Exercise 6. Derive the characteristic function of a normal variable and the law of a sum of independent
normals. Derive the density of G? for G ~ N (O, 1) and use convolution to obtain the x2 density.

Solution. Let ¢(z) = (27r)*1/2e’12/2 and p(t) = [ e"*¢(x) dx. Differentiation under the integral is justified
by the integrable bound |z|¢(x). Since ¢'(z) = —x¢( ), mtegration by parts gives

St) =i / 2t §(a) da = i (it / it () d:v) —

The boundary term vanishes because ¢(x) — 0. Together with ¢(0) = 1, this yields ¢(t) = e=t*/2. For
1 + oG, multiplication by e and replacement of t by ot give eit*~7° /2 including o = 0. Independent
sums multiply characteristic functions. The result is the characteristic function of the stated normal law;
uniqueness of characteristic functions (Durrett Section 3.3.1) identifies the law.

For s > 0, differentiating P(G? < s) f x) dx gives paz(s) = ¢(\/5)//s = s /2e%/2 /\/21, zero

for s < 0. The substitution ¢ = 2?2 in the Gaubslan 1ntegral gives I'(1/2) = \/, so this is Gamma(1/2,2). If
independent variables have Gamma shapes a,b > 0 and common scale 2, their convolution at s > 0 is

6—3/2 Sa+b—1e—s/2

° a=1/. _ ,\b—1 —
20+t (a)0(b) /0 wt s —w) = S T )

To verify the identity used here, substitute u = sv and use
1
I'(a)'(b
/ ,Ua—l(l o 'U)b_l dv = (a) ( )
0 a

Indeed, in the positive double integral defining I'(a)T'(b), put = rv, y = r(1 — v); the Jacobian is r, and
the integral factors into I'(a + b) times the displayed integral. Tonelli justifies the factorization. Induction
on n now gives Gamma(n/2,2), the x2 law. O

High priority Ezercise 7: radius and direction

Exercise 7. For G ~ N(0,1;), prove that G/||G||2 is uniform on S¢~! and independent of ||G|2. Treat
d = 1 separately.
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Solution. For d > 2, write x = ru with » > 0, u € S9!, Polar integration uses dx = r%~'drdS(u),
where dS is surface-area measure. Thus the joint law of (R, U) factors into normalized surface area o(du) =
dS(u)/|S? 1| and a radial law with density

pd—1g—r?/2
= > 0.
o) = sip=ipgmy "
The normalizing integral equals 24/27'T(d/2) by s = r2/2. More explicitly, for Borel A C (0,00) and
B C 891 polar integration gives P(R € A,U € B) fA fr(r)dro(B). This is both uniformity of U and
independence. Polar integration itself is the ordinary multlvarlable change-of-variables formula. For d = 1,
symmetry gives P(|G| € A,G > 0) = P(|G| € A,G < 0) = P(|G| € A)/2. The zero event has probability
zero, so sign and absolute value are 1ndependent.
O

Mid priority Ezercise 8: privacy for the whole output

Exercise 8. Prove the independent composition claim in Section 2 for every Borel subset of the joint output
space, not just rectangles.

Solution. Fix neighboring databases D, D’. Write Q;, Q;- for the respective output laws of mechanism 7,
and ¢; = e%. Privacy says Q;(A) < ¢;Q’(A) for all Borel A. By finite sums and then MCT, this implies
JfdQ; < ¢ [ f dQ;- for every nonnegative measurable f. For a Borel set S C R™, independence of the
mechanisms’ coins gives a product law for each database. Iterating the integral inequality one coordinate at
a time, with Tonelli at each step, yields

P<<Mj<D>>;-11es>=/1sd<c21®-.-®@m < ch /1sdQ1 L2 Ql).

Section integrals of the Borel indicator are measurable, so each application is legitimate. Since Hj cj =
exp(d j €j), this is the claimed privacy bound. Exchange D, D’ to obtain the reverse-direction bound. The
factorization is why this proof assumes independent random coins. O

High priority Ezercise 9: the conditional-mean rules

Exercise 9. Prove Proposition 2 directly from regular conditional laws, without using the optional sigma-
algebra definition.

Solution. Testing identity and uniqueness. For an integrable X, let h(Y) = E[X | Y] as defined by
its conditional law. In (7), fix B and approximate the function = by simple functions, first separately for its
positive and negative parts. This gives

E[X1¢yepy] = E[MY)1(yeny)-

Simple approximation extends this to every bounded Borel multiplier b(Y"). If two integrable Borel functions
of Y obey the identity, test their difference on the Borel sets {y : h(y) — h'(y) > 1/k} and exchange the
two functions. They agree uy-a.e. This characterizes the conditional mean using only the observation-space
identity.

Linearity and known factors. The proposed linear combination is integrable and obeys the testing
identity by linearity of expectation. Uniqueness proves the first rule. For bounded g, use the multiplier
9(Y)1iyepy to prove that g(Y)h(Y') has the testing identity for g(Y') X. For unbounded g with E [g(Y) X| <
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00, let v(Y) = E[|X| | Y]. The kernel integral gives |h(Y)| < v(Y). Apply the bounded-multiplier result to
min(|g|,n) and to | X|; MCT gives

Ellg(Y)lo(Y)] = E[lg(Y)X]] < o0

Thus g(Y)h(Y) is integrable. Truncate g and pass to the limit in its testing identity by DCT, dominated on
one side by |g(Y)X| and on the other by |g(Y)|v(Y). Uniqueness again gives the rule.
Nested observations. If Z = f(Y'), indicators of {Z € C} are bounded functions of Y. For every Borel
C7
Ellizecy E(X | Y)] = E[1{zecy X] = E[l{zecy E(X | Z)].

Uniqueness for conditioning on Z proves the first tower identity. For the second, E[X | Z] is already an
integrable function of Y, so it satisfies its own testing identity when conditioning on Y.

Independence. If X,Y are independent, factorization gives E[X1fyepy] = EX P(Y € B). The
constant E X satisfies the testing identity, giving the fourth rule. |

High priority Ezercise 10: the regression decomposition

Exercise 10. Prove Theorem 2, including square-integrability of the conditional mean and uniqueness of
the optimal random prediction. Deduce the noise and variance identities in the main text.

Solution. Let K(z,dy) be the conditional law of Y given Z. Cauchy—Schwarz in each probability measure
K(z,-) gives

lu(2)]* = ‘/yK(z,dy) 2 < /yQK(z,dy)-

Integrating against pz yields E[u(Z)?] < E[Y?] < co. Set € = Y — u(Z); linearity and the known-factor
rule give E[e | Z] = 0. For bounded h, the testing identity gives E[eh(Z)] = 0. For square-integrable h(Z),
truncate it to h,, between —n and n. Then E[(h,,(Z) — h(Z))?] — 0 by DCT, and Cauchy—Schwarz gives

|Ele(hn(Z) = h(Z))| < VEIEIVE[(ha(Z) — h(Z))?] — 0.

So the same orthogonality holds for all such h. Expand Y — ¢(Z) = ¢ + u(Z) — g(Z) and take expectations.
The cross term vanishes with h = u — g, proving (10). The second squared term is nonnegative and equals
zero exactly when ¢(Z) = u(Z) a.s., establishing optimality and uniqueness.

The tower rule gives Ee =0 and Eu(Z) = EY. Orthogonality with h = — EY gives

E[(Y — EY)?] = E[(u(Z) - EY)?] + E[£?).
Finally, by the definition of conditional variance and the tower identity, E[var(Y | Z)] = E[E(e? | Z)] = E[¢?].
O
Mid priority  Ezercise 11: information and conditional laws

Exercise 11. Prove nonnegativity and the equality condition for KL divergence, symmetry of mutual
information, and (8) for a joint density or pmf, including the case of infinite information. Explain the
independence criterion.

Solution. If P &« @, KL is infinite by definition. Otherwise put r = dP/dQ. The convex function
¥(r) = rlogr —r+ 1 is nonnegative and vanishes only at r = 1 (with ¢(0) = 1). Since [rdQ =1= [1dQ,

Diu(PQ) = / b(r) dQ > 0.
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This extended-valued equality is valid: the negative part of rlogr is bounded by 1/e and hence integrable
under the probability measure ). Equality holds precisely when r = 1 @Q-a.e., that is, P = @. Taking
P =pxy and @ = px ® py gives zero information exactly for independence. Interchanging the coordi-
nates changes neither the density ratio nor its integral, proving symmetry even without densities relative to
Lebesgue measure.

For the conditional formula write p(x,y) for the joint density and a(x), b(y) for its marginals. The joint
law assigns mass zero where either marginal density is zero; this follows by integrating p over that set. Thus
P <« @ and its ratio is = p/(ab) on {ab > 0}. For ux-a.e. x, the conditional density is ¢, (y) = p(z,y)/a(x)
and has total mass one. Its ratio to b is the same r(z,y). Using the nonnegative integrand ¢ and Tonelli,

106Y) = [ [wtr(z,)ata)bly) dy da
:/a(x) [/%/’(T(ﬂc,y))b(y) dy| da

:/DKL(umx:zHuy)ux(dx)~

The same argument uses counting measure and sums for a pmf; no finiteness of the information was assumed.
Finally, under independence the constant kernel K (x, A) = uy (A) satisfies the joint-law identity. Conversely,
if that conditional law is constant for px-a.e. x, integration over z € B gives P(X € B,Y € A) = P(X €
B)P(Y € A). O

Low priority Fxercise 12: Gaussian conditioning and least squares

Exercise 12. Prove the conditional Gaussian formula and the precision-block identities. Derive the best
affine population predictor and the sample least-squares formulas, distinguishing centered and uncentered
observations.

Solution. For this calculation abbreviate X ) as X, ,u(j) as fu;, and »09) ag Y. Set B = 2122521 and
S =Y — 2122521221. The residual R = X; — u; — B(X2 — p2) has covariance S and Cov(R, X3) =
Y12 — BY95 = 0. For nonzero v, the vector (v, —Bv) is nonzero and

v’ Sv=(v,-BTv) " S(v,~Bv) > 0.

Thus S is positive definite. The pair (R, X2) is jointly Gaussian as an affine transformation of a Gaussian
vector. Its characteristic function is the exponential of a quadratic form with zero cross block, so it fac-
tors into the two marginal characteristic functions. Multivariate uniqueness (Durrett, Section 3.10) gives
independence. Therefore the conditional law of X given Xy = a9 is N (1 + B(x2 — u2), S).

To check the precision blocks, factor the covariance:

=0 1) w) (5 7)

Inverting the three factors in reverse order yields ©,; = S~%, O3 = —S7!B, O3 = —BTS™!, and Oy =
Yos + BTS™IB, as claimed.

The best affine predictor does not require normality. Suppose the blocks have finite second moments
and Yoo is invertible. For a fixed matrix C, the best intercept is u; — C'uo, by the vector version of the
best-constant calculation. With that intercept the residual is R 4+ (B — C)(X2 — p2). The cross term has
expectation zero because Cov(R, X2) = 0. Its total squared-error risk is

E|R|3 +tr ((C — B)E22(C — B)T).

Positive definiteness of Y95 makes the second term zero exactly when C' = B. Under joint normality this
affine predictor is also the best among all measurable predictors; in general it is best only in the affine class.
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For sample rows z, of a design matrix X and response y, minimizing ||y —X/||2 gives the normal equations
XTXB = XTy. If the Gram matrix is invertible, this gives the no-intercept formula in the main text. With
an intercept, differentiating in that intercept gives & = 4 — Z ' 5. Substitution centers both data sets, so

n

-1
XTX\ ' XTy,
mese) Sk

B = (XIX) Xy, = (

The factors 1/n cancel, but the empirical covariance convention remains 1/n. If the relevant Gram matrix
is singular, the displayed inverse does not exist; least-squares fitted values still exist, but coefficients need
not be unique. A population coefficient and a fitted sample coefficient are different objects even when their
formulas have the same shape. O

Low priority FExercise 13: conditional independence and graphs

Exercise 13. Justify the event-conditioning formulation of conditional independence. For a nondegenerate
Gaussian vector, prove that X; L X; | X_y; ;y if and only if ©;; = 0. Give an example where this holds but
X;, X; are not marginally independent.

Solution. Fix Borel sets A, B and write pa(Z) = P(X € A| Z) and qp(Z) = P(Y € B| Z). If conditional
independence holds, multiplying its defining identity by 1{zcc) and averaging gives

E[lzcoylixealveny] = Ell{zecypa(Z)1iyenyl-

Rectangles B x C generate the Borel sets for (Y, Z); the 7—\ uniqueness argument extends the identity to all
such testing sets. The conditional-mean characterization from Exercise 9 then gives P(X € A | Y, Z) = pa(2)
a.s. Conversely, that identity and the tower rule give

Elixealqveny | Z] = Elpa(Z)lyyeny | Z] = pa(Z2)qp(Z).

For Euclidean variables, a countable generating family of rectangles allows a single exceptional null set to be
discarded when comparing conditional probability measures. With densities, the product-law criterion gives
the corresponding conditional-density factorization.

For the Gaussian claim put I = {i,j} and condition on all remaining coordinates. Exercise 12 says that
the conditional covariance is 61_11- A positive definite 2 x 2 block has inverse

a b ' 1 c —b
b ¢ T ac—b2\=b a /-

Its off-diagonal covariance vanishes exactly when b = ©;; = 0. Two jointly Gaussian coordinates are
independent precisely when their covariance is zero, by characteristic-function factorization. This proves
both directions of the conditional-independence criterion.

Static graph and matrix example. Let Z, 7,73 be independent standard normals and set X; = Z+1,
Xy =7, X3 = Z + ns. Direct computation gives

2 1 1 1 -1 0
=111 1], e=|-1 3 -1
1 1 2 0o -1 1
Multiplication verifies X© = I. The graph is the chain 1-2-3: once Z = X5 is known, the two remaining

random noises are independent. However, 313 = 1, so X1, X3 are marginally correlated through their shared
Z.
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2 1 1 1 -1 0
o= |+ 1
1 1 2 o -1 1

The missing edge corresponds to ©13 = 0, while ;3 = 1: conditional independence and marginal indepen-
%ence are different.

Low priority FExercise 14: conditional limit theorems

Exercise 14. Prove conditional MCT, Fatou, and DCT as stated in the main text.

Solution. First note positivity: for integrable X > 0, its conditional mean H cannot be negative on a set
of positive probability, since integrating over {H < 0} € A would contradict the defining identity. Linearity
therefore implies monotonicity. For nonnegative X, define E[X | A] = lim,, E[X Am | A]. MCT on any
A € A shows that this extended nonnegative A-measurable variable has integral [ 4 X dP. Tt is unique:
if two nonnegative candidates differ, intersect a set where one exceeds the other by 1/k with a level set
where the smaller is at most an integer m; its integral is finite, and the two integral identities contradict
the positive difference. A countable union and exchange of the candidates proves equality a.s. The same
argument establishes monotonicity for these extended conditional means.

If 0 < X,, T X, monotonicity lets us choose versions with H,, = E[X,, | A] increasing outside one null set.
Put H = lim H,,. For every A € A, ordinary MCT twice gives

/Hszlim/HndP:hm/XndP:/XdP.
A noJa noJa A

Uniqueness identifies H = E[X | A], proving conditional MCT. For Fatou, let Y} = inf,>; X,,. Then
Y). T liminf, X,,, and monotonicity gives

E[Y; | Al < ir;ka[Xn | Al
Take increasing limits and use conditional MCT to obtain Fatou’s inequality.
For DCT, |X,| < V,EV < 00, and X,, = X imply |X| < V. Apply conditional Fatou to V + X,, and
V — X,,. Since E[V' | A] is finite a.s., subtracting it is legitimate and gives

E[X | A] <liminfE[X,, | A] <limsupE[X,, | A] <E[X | A].

The sequence therefore converges to the stated conditional mean a.s. All version comparisons above involve
countably many variables and level sets, so their exceptional null sets can be removed simultaneously. [
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