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In this lecture, we will learn another aspect of the asymptotic theory that characterize the distributions
of estimator with a large sample size. The probability foundation is the well celebrated central limit theorem.

Quantifying uncertainty of estimation. For an estimation problem, we have learned that a basic
principle for designing an estimator is consistency, namely whether θ̂n converges to the “true” θ when
n→∞. But how does the distribution θ̂n look like?

Imagine that we repeat our scientific experiment or change the random seed in computational experiment,
we would get many realization of our estimator θ̂n. If we have a distributional information about θ̂n, then
we will be able to tell if we are luck or unlucky, which is a first step towards replicability.

To this end, we need to study how random variables are distributed uner an appropriate limit. A power
theoretical tool for this purpose is the central limit theorem (CLT).

1 Weak convergence

Let (Xn)∞n=1 be a sequence of random variables or vectors in Rd, and (Fn)∞n=1 be their CDFs. Also, let X
be a random variable or vector also in Rd, and F be its CDF.

Definition 1. We say that (Fn)∞n=1 converges weakly to F and write Fn
w→ F if and only if, for each

continuity point x of F ,
lim
n→∞

Fn(x) = F (x). (1)

We say that {Xn} converges to X in distribution and write Xn
d→ X if and only if FXn

w→ FX .

In this definition, we require Eqn. 1 only at continuity point x. This allows flexibility with point masses.
Under this definition, the distribution of Dirac measure δan converges weakly to that of δa if limn→∞ an = a;
however, this would be unconveniently false had we defined weak convergece by requiring Eqn. 1 for every x
(exercise).

Remark 1 (On terminology and notations). There are different names for the same definition: converge in
distribution, converge weakly, converge in law. You may also see various notations for weak convergence.

Xn
d−→ X, Xn

D−→ X, Xn ⇒ X

It appears that in the statistics literature, “converge in distribution” is the most common, while weak con-
vergence is more broad (not limited to random variables).

Remark 2. Weak convergence is very different from previous convergence notations, as we do not require
that X,X1, X2, ... lie in the same probability space. The only things that matter are the distributions, or
measures induced by each random variable.
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As an example, consider X = G ∼ N (0, 1), then by the symmetry of normal distribution,

Xn
d→ G ⇐⇒ Xn

d→ −G because G
d
= −G.

where
d
= means two variables having same distribution. Convergence in distribution does not track or relate

to the behavior of random variables as measurable functions Xn(ω) and G(ω).

Theorem 1. Let X,X1, X2, ... be random vectors in Rd.

(i) If Xn
p→ X, then Xn

d→ X.

(ii) If Xn
d→ X and X = c a.s., where c ∈ Rk is a constant vector, then Xn

p→ c.

(iii) If Xn
d→ X, then Xn = Op(1).

For simplicity, we prove this theorem for d = 1. See [2] for the general case.

Proof. (i) Let x be a continuous point of F . Then for any ε > 0, we can find δ > 0 such that |F (y)−F (x)| < ε
for all y ∈ [x− δ, x+ δ]. By the definition of convergence in probability,

lim
n→∞

P (|Xn −X| > δ) = 0.

We observe that

Fn(x) = P (Xn ≤ x)
(i)

≤ P (X ≤ x+ δ) + P (|Xn −X| ≥ δ) ≤ F (x) + ε+ P (|Xn −X| ≥ δ) (2)

where (i) is because if Xn ≤ x, then at least one of the two events {X ≤ x+ δ}, |Xn −X| ≥ δ must happen
(due to triangle inequality), namely

{Xn ≤ x} ⊆ {X ≤ x+ δ} ∪ {|Xn −X| ≥ δ}

Taking limit in Eqn. 2, we find lim supn Fn(x)−F (x) ≤ ε. Similarly, we can prove lim infn Fn(x)−F (x) ≥ −ε.
Since ε is arbitrary, we must have limn Fn(x) = F (x).

(ii) The CDF F (x) has a single discontinuity point at x = c and flat otherwise. So Fn(x) → 1 for any

x > c and Fn(x)→ 0 for any x < c. To prove Xn
p→ c, observe that for any ε > 0,

P (|Xn − c| > ε) ≤ P (Xn > c+ ε) + P (Xn < c− ε) = 1− Fn(c+ ε) + Fn(c− ε)

The right-hand side converges to 0 as n→∞, so limn P (|Xn − c| > ε) = 0.
(iii) Fix any ε > 0. We can choose some C > 0 such that P (|X| > C) ≤ ε/2 and F (x) is continuous at

x = C (exercise), so
1− F (C) + F (−C) ≤ ε/2

For sufficiently large n, |Fn(x)− F (x)| ≤ ε/4 at both x = C and x = −C. So by the triangle inequality, for
sufficiently large n,

P (|Xn| > C) ≤ 1− Fn(C) + Fn(−C) ≤ ε.
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1.1 Properties

The following result gives some useful sufficient and necessary conditions for convergence in distribution. By
convention, we denote by Cb(Rd) the space of all continuous bounded functions on Rd. The characteristic

function of a random vector X in Rd is ϕX(t) = E[eit
>X ], a complex-valued function defined over t ∈ Rd,

Theorem 2 (Theorem 1.9 of [2]). Let X,X1, X2, ... be random vectors in Rd.

(i) Xn
d→ X if and only if for all h ∈ Cb(Rk),

lim
n→∞

E[h(Xn)] = E[h(X)]. (3)

(ii) Let φX , φX1
, φX2

, ... be the characteristic functions of X,X1, X2, ..., respectively. Xn
d→ X if and only

if limn→ φXn(t) = φX(t) for all t ∈ Rd.

(iii) (Cramér-Wold) Xn
d→ X if and only if c>Xn

d→ c>X for every c ∈ Rd.

You may try to convince yourself about the correctness of (i) in Theorem 2 by proving simpler cases
(exercise). Case a: Fn and F have bounded pdf. Case b: Fn and F have pmf.

Heuristics. Instead of showing the full proofs, which are technical for this course, we will provide some
heuristics.

(i) The function h ∈ Cb(Rd) is sometimes called a test function (probing the value of a measure using a
continuous measurement).

A distribution function FX(x) can be viewed as an expectation of an indicator function FX(x) = E[1{X ≤
x}] . The indicator function h̃(x′) = 1{x′ ≤ x} may be viewed as an improper test function (discontinuous at
a point), so we need to do extra work using the assumption of continuity about x to derive (3). Conversely,

we can approximate the indicator function h̃ except at the discontinuous point using a sequence of test
functions in Cb(Rk).

(ii) There is a one-one mapping between characteristic functions and distribution functions. Characteristic
functions are a variant of Fourier transform, where the “time domain” of CDF FX(x) is represented by the
“freqency domain” ϕX(t). Weak convergence in the time domain can be translated to pointwise convergence
in the freqency domain under such Fourier transform (which is easily proved by (i)), and in reverse direction.

(iii) It is an easy consequence of (ii), since the characteristic function in Rd is defined by projecting a
random vector to one dimension with t ∈ Rd first.

2 Central limit theorem

Before stating the CLT, we make a simple observation. If X = (ξ1, ξ2, ..., ξk)> ∈ Rd is a random vector, then
E(ξ2j ) <∞ for all j implies E[|ξjξm|] <∞ for all j,m = 1, 2, ..., k (by Cauchy-Schwarz). Thus, finite second
moments of a random vector imply that Σ = Cov(X1) exists.

Theorem 3 (Central limit theorem). Let X1, X2, ...Xn be i.i.d. random vectors in Rd and assume that the
second moment exists. Denote the covariace matrix Σ = Cov(X1). Then

1√
n

n∑
i=1

(Xi − E(X1))
d−→ N(0,Σ).
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Note that CLT holds under quite minimal assumptions! Arguably it is the important theoretical result
in probability theory and statistics. For an average of i.i.d. random vectors, the shape of the asymptotic
distribution is determined purely by its covariance.

The normal or Gaussian distribution also plays a central role in various fields, such as Brownian motion
and financial markets, heat equation and diffusion process in physics, etc.

3 Three proofs ideas for CLT

First, we notice that proving CLT for the general Rd case boils down to proving the one-dim case: by the
Cramér-Wold device, it suffices to show

1√
n

n∑
i=1

c>Xi − E(c>Xi)
d−→ N(0, c>Σc), for all c ∈ Rk.

We can introduce X̃i = c>Xi. Simple calculation shows that X̃i has finite second moment and Var(X̃i) =
c>Σc (exercise), so one-dim CLT implies the general CLT.

Second, notice that weak convergence holds after centering and rescaling the sequence of random variables
(exercise). Thus, without loss of generality, we consider the 1-d case (namely d = 1) and assume zero mean
with unit variance.

3.1 Characteristic function

Recall the definition of the characteristic function (ch.f.) φX(t) of a generic random variable

φX(t) = E(eiXt) = E[cos(Xt) + i sin(Xt)].

Weak convergence is characterized by pointwise convergence of ch.f. An important property
about characteristic functions is that a probability distribution is uniquely determined by a ch.f. [1][Thm. 3.3.11].
Moreover, weak convergence of distributions can be tranlated to pointwise convergence of ch.f. and backwards
due to Lévy’s continuity theorem.

Theorem 4 (Optional, Thm 3.3.17 of [1]). Let µn, 1 ≤ n ≤ ∞ be probability measures with ch.f. ϕn.

(i) If µn
d→ µ∞, then ϕn → ϕ∞(t) for all t ∈ R.

(ii) If ϕn(t) converges pointwise to a limit ϕ(t) that is continuous at 0, then the sequence of distrbutions
µn converges weakly to a measure µ with ch.f. ϕ.

Proof idea of CLT. Suppose X1, X2, . . . Xn are i.i.d. random variables with zero mean and unit variance. Let

Sn = 1√
n

n∑
i=1

Xi and denote by ϕn(t) the ch.f. of Sn. And let ϕ(t) be the ch.f. of a standard normal variable.

We know from Lecture 5 that ϕ(t) = exp(−t2/2), which is a continuous function. By Lévy’s continuity
theorem (ii), we only need to show

ϕn(t)→ ϕ(t) for all t ∈ R .

Recall that from Lecture 5, indepedence of random variables is translated to products of ch.f. So ϕn(t) =[
ϕ1(t/

√
n)
]n
. If n→∞, we apply Taylor’s expansion to ϕ1(t/

√
n) around 0, so

ϕn(t) ≈
[
ϕ1(0) +

t√
n
ϕ′1(0) +

t2

2n
ϕ′′1(0) + o

( t2
n

)]n
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This is of course only a formal expansion. A rigorous proof will need to establish differentiability of ϕ(t) and
work out o(t2) first (we are now dealing with complex-value functions!). It is possible (exercise∗) to show

ϕ(0) = 1, ϕ′1(0) = iEX1 = 0, ϕ′′1(0) = −E[X2
1 ] = −1

so

ϕn(t) ≈
[
1 +

t2

2n
+ o(t2)

]n
= exp

(
n log

(
1− t2

2n
+ o
( t2
n

)))
= exp

(
n
(
− t2

2n
+ o
( t2
n

)))
→ e−t

2/2

which completes the proof (sketch).

In the above proof sketch, the dominant term is the 2-nd order term since 1-st order term vanishes due
to zero-mean assumption.

3.2 The moment method*

Another way is using the moment method1 to prove the theorem. This method is quite general and can
address (weakly) dependent data, and also works for random matrices. The drawback is that it is often
tedious.

The idea is to first develop a continuity theorem similar to Lévy’s continuity theorem: if E[Xk
n] converges

to E[Xk] for every positive integer k, then we have weak convergence Xn
d→ X. Essentially the moment

exponent k plays a similar role as t in ch.f. ϕ(t). Unfortunately, unlike ch.f., moments do not uniquely
determine a probability distribution, and the convergence correspondence requires an additional assumption
(see Sect. 3.3.5 of [1]).

Definition 2. Let I be a countable set. We say (Xi)i∈I is uniformly subgaussian if there exist constants
C, c > 0 such that

P(|Xi| ≥ t) ≤ Ce−ct
2

for all t > 0, for all i ∈ I.

We say X is subgaussian if |I| = 1.

Uniformly subgaussian condition puts a strong restriction on the tail probability behavior of a collection
of random variables. It essentially requires that the tail probability decay is uniformly controlled by the
Gaussian probability tail (which is often considered as light tail). Under this condition, we have another
equivalence for convergence in distribution.

Theorem 5 (Carleman continuity theorem). Let (Xn)n≥1 be uniformly subgaussian random variables, X is

is subgaussian. Then Xn
d→ X if and only if

lim
n

E(Xk
n) = E(Xk) for all k = 0, 1, 2...

Proof for ‘only if ’ part. Let φ(x) ∈ [0, 1] be a smooth function such that φ(x) = 1 if x ∈ [−1, 1] and
suppf ⊂ [−2, 2]. Fix any positive integer k. The goal is to show that

Xn
d→ X =⇒ for given N > 0, lim

n→∞
E
[
Xk
nφ(Xn/N)

]
= E

[
Xkφ(X/N)

]
, (4)

Uniformly subgaussian =⇒ lim
N→∞

sup
n

∣∣E [Xk
n(1− φ(Xn/N))

]∣∣ = 0, (5)

Subgaussian =⇒ lim
N→∞

∣∣E [Xk(1− φ(X/N))
]∣∣ = 0. (6)

1Not to confuse with method-of-moment. In the context of probability theory, moment method refers to a proof strategy.

5



Eqn. 4 holds because xkφ(x/N) is continuous and bounded. Eqn. 6 holds because of DCT. To prove (5),
note ∣∣E[Xk

n(1− φ(Xn/N))]
∣∣ ≤ E

[
|Xn|kI{|Xn|>N}

]
(since 1− φ(Xn/N) = 0 if |Xn| ≤ N)

≤ C1

∫ ∞
N

ktk−1 P(|Xn| > t) dt (by Fubini’s theorem; recall Lecture 4)

≤ C2

∫ ∞
N

ktk−1e−ct
2

dt→ 0 as N →∞.

where C1, C2 > 0 are certain constants. The proof is completed by combining Eqns 4—6.

Proof idea for ‘if ’ part. Use Lévy continuity theorem, we expand E(eiXnt) and use Taylor expansion (ad-
mittedly, we use the standard chf stuff here).

Moments calculation and combinatorics. Back to the proof of the CLT. For simplicity, we only prove
the case where X is bounded2. The general case can be proved with an additional truncation argument.
Define Sn = 1√

n
(X1 + ... + Xn), then (Sn)n≥1 is uniformly subgaussian3. Assume E(X) = 0, Var(X) = 1.

Now it suffices to show that ESkn → EGk for every fixed k = 0, 1, 2, ... where G ∼ N (0, 1) is standard
Gaussian variable.

To better understand the expression, we first do some warm-up analysis. (i) For k = 0, ES0
n = 1 = EG0.

(ii) For k = 1, Xn has zero mean ⇒ ESn = 0 = EG.

(iii) For k = 2, ES2
n = 1

n

n∑
i=1

EX2
i = 1 = EG2.

(iv) For k = 3, we have

ESkn = n−3/2
n∑
i=1

EX3
i + n−3/2

∑
1≤i<j≤n

E(3X2
iXj + 3XiX

2
j ) + n−3/2

∑
1≤i<j<k≤n

E[6XiXjXk]

= n−1/2 EX3
i = o(1).

(v) For k = 4, we have

ESkn = n−2
∑

1≤i≤n

EX4
i + n−2

∑
1≤i<j≤n

E[6X2
iX

2
j ] = 3 + o(1).

In general,

ESkn = n−k/2
k∑

m=1

∑
1≤i1<i2<...<im≤n

∑
a1+...+am=k

k!

a1!a2!...am!
E(Xa1

i1
...Xam

im
). (7)

Let us take a closer look at this seemingly scary combinatorial expression.

• Observation 1: If ai = 1, then E(Xi) = 0. So we only need to consider a1, ..., am ≥ 2.

• Observation 2: There are
(
n
m

)
= O(nm) choices of (i1, i2, ...im) satisfies 1 ≤ i1 < i2 < ... < im ≤ n.

The leading term of the RHS of (7) is when m = bk/2c, and a1 = a2 = ... = am = 2 (if k is even). Then we
have

ESkn = n−k/2
(
n
m

) k!

2k/2
+ o(1) =


k!

(k/2)!2k/2
+ o(1) if k is even

o(1) if k is odd.

The leading term coincides with the moments of the normal distribution. This implies that E(Skn)→ E(Gk)
as n→∞.

2Note: This is a strong assumption since a bounded random variable implies the subgaussian property.
3Note: This will be proved in the next lecture.

6

https://en.wikipedia.org/wiki/Normal_distribution#Moments


Remark 3. There are nk terms in total when we expand the sum Skn. However, when we evaluate the
expectation of Skn, most terms will go away since EXi = 0, which leaves O(nk/2) active terms—this is the
reason for factor

√
n in CLT.

3.3 Lindeberg swapping trick

The third proof idea is closed related to the universality. The universality idea is the following.

1. Show that some property about random variables X1, X2, ..., Xn (measured as F (X1, X2, ..., Xn) for
instance) is unchanged if Xi is replaced by independent Yi ∼ N (0, 1), which usually has the analytic
style (heavily involved with arguments about continuity and taking limits).

2. Gaussian case calculation, which is usually has the flavor of algebra and combinatorics.

Applying this general strategy to prove the CLT, if we could show

X1 +X2 + ...+Xn√
n

≈ Y1 + Y2 + ...+ Yn√
n

∼ N (0, 1),

then the proof is complete. Thus, we only need to justify the ”≈” part. Below let us present a stronger form
of CLT under an additional finite third moment assumption. By convention, we denote by C3(R) the space
of functions which are third-order continuously differentiable.

Theorem 6 (a variant of Berry-Esséen theorem). Let X be a random variable with E(X) = 0, E(X2) = σ2

and E(|X|3) < ∞, and let X1, X2, ..., Xn
i.i.d.∼ X. Let FB be the space of function φ such that φ ∈ C3(R),

and
∣∣∣ dkdxkφ(x)

∣∣∣ ≤ B for k = 0, 1, 2, 3. Then

sup
φ∈FB

|Eφ(Sn)− Eφ(G)| ≤ CB√
n
E(|X|3).

Proof. Let Y1, Y2, ..., Yn
i.i.d.∼ N (0, 1), define Wn = Y1+...+Yn√

n

d
= N (0, 1), Sn,i = X1+...+Xi+Yi+1+...+Yn√

n
, note

Sn,n = Sn, Sn,0 = Wn, E(φ(Sn))− E(φ(Wn)) = −
n−1∑
i=0

E[φ(Sn,i)− φ(Sn,i+1)]. It suffices to show

sup
φ∈FB

sup
0≤i≤n−1

|E[φ(Sn.i)− φ(Sn,i+1)]| ≤ CB

n3/2
E(|X|3).

Define Tn,i = X1+...+Xi+Yi+2+...+Yn√
n

, i = 0, 1, ..., n − 1, then Sn,i = Tn,i + 1√
n
Yi+1, and Sn,i+1 = Tn,i +

1√
n
Xi+1.Then by Taylor expansion, we have

E(φ(Sn,i)) = E(φ(Tn,i)) +
1√
n
E[φ

′
(Tn,i)Yi+1] +

1

2n
E[φ

′′
(Tn,i)Y

2
i+1] +O

(B · E(|Yi+1|3)

n3/2

)
,

E(φ(Sn,i+1)) = E(φ(Tn,i)) +
1√
n
E[φ

′
(Tn,i)Xi+1] +

1

2n
E[φ

′′
(Tn,i)X

2
i+1] +O

(B · E(|Xi+1|3)

n3/2

)
.

(8)

Note that |φ′′′| is uniformly bounded by B (a crucial condition!), so it is correct to use the big-O notation
in the above equations. By our definition, Tn,i, Xi+1, Yi+1 are jointly independent! So

E[φ
′
(Tn,i)Yi+1] = E[φ

′
(Tn,i)]E[Yi+1], E[φ

′′
(Tn,i)Y

2
i+1] = E[φ

′′
(Tn,i)]E[Y 2

i+1],

E[φ
′
(Tn,i)Xi+1] = E[φ

′
(Tn,i)]E[Xi+1], E[φ

′′
(Tn,i)X

2
i+1] = E[φ

′′
(Tn,i)]E[X2

i+1] .

Our definition also ensures that the first two moments are matched: E[Yi+1] = E[Xi+1] = 0, E[Y 2
i+1] =

E[X2
i+1] = 1. Taking the difference of (8), we obtain

|E [φ(Sn,i)− φ(Sn,i+1)]| ≤ CB · (E(|X|3) + E(|Yi+1|3))

n3/2
.
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Rate of convergence for CLT. The common Berry-Esséen theorem is stated below, which is an im-
provement of Theorem 6.

Theorem 7 (Berry-Esséen theorem). Let X be a random variable with E(X) = 0, E(X2) = σ2 and E(|X|3) <

∞, let X1, X2, ..., Xn
i.i.d.∼ X. Then

sup
a∈R
|P(Sn ≤ a)− P(G ≤ a)| ≤ C√

n
E(|X|3).

This theorem implies CLT since FSn
(a)→ FG(a) for all a. The conclusion is stronger than CLT, since it

provides an error bound of the uniform convergence of CDF.

4 Further reading

For more results about weak convergence and characteristic functions, a good reference is [1][Sect. 3.2—3.3].

Proofs for CLT. The three proof ideas for CLT are taken from the book [3], which provides multiple
proofs for CLT.

Useful facts. As we dig into the proofs, you may find some basic facts useful.

1. If F is a CDF, then it admits at most countably many discontinuous points. It is equivalent to
{x ∈ R : µ({x}) > 0} being countable where µ is the measure associated with F .

2. If B ⊂ R is a Borel set with a positive Lebesgue measure m(B). Then for any ε > 0, there exist an
open set O and a closed set K with K ⊆ B ⊆ O such that m(K) > m(B)− ε and m(O) < m(B) + ε.
In words, a Borel set can be squeezed by an open set and a close set. More properties can be found in
Wiki.

3. If O ⊂ R is an open set, then it has the form O = ∪i∈I(ai, bi) for countably many suitable real numbers
ai, bi.

The following result can be used to check whether Xn
d→ X when X has a pdf f and Xn has a pdf fn.

Theorem 8. (Scheffé’s theorem). Let {fn} be a sequence of pdf’s on Rk w.r.t a measure ν. Suppose that
limn→∞ fn(x) = f(x) a.e. ν and f(x) is a pdf w.r.t. ν. Then

lim
n→∞

∫
|fn(x)− f(x)|dν = 0.
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