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In this lecture, we will learn another aspect of the asymptotic theory that characterize the distributions
of estimator with a large sample size. The probability foundation is the well celebrated central limit theorem.

Quantifying uncertainty of estimation. For an estimation problem, we have learned that a basic
principle for designing an estimator is consistency, namely whether 6,, converges to the “true” ¢ when
n — oo. But how does the distribution 6,, look like?

Imagine that we repeat our scientific experiment or change the random seed in computational experiment,
we would get many realization of our estimator 6,. If we have a distributional information about 6,,, then
we will be able to tell if we are luck or unlucky, which is a first step towards replicability.

To this end, we need to study how random variables are distributed uner an appropriate limit. A power
theoretical tool for this purpose is the central limit theorem (CLT).

1 Weak convergence

Let (X,,)2; be a sequence of random variables or vectors in R%, and (F},)%; be their CDFs. Also, let X
be a random variable or vector also in R%, and F be its CDF.

Definition 1. We say that (F,)SS, converges weakly to F and write F, < F if and only if, for each
continuity point x of F,
lim F,(z) = F(x). (1)
n—oo

We say that {X,} converges to X in distribution and write X, 4 x if and only if Fx, 2 Fx.

In this definition, we require Eqn. [Ifonly at continuity point x. This allows flexibility with point masses.
Under this definition, the distribution of Dirac measure J,, converges weakly to that of §, if lim,, o an = a;
however, this would be unconveniently false had we defined weak convergece by requiring Eqn. [1] for every x
(exercise).

Remark 1 (On terminology and notations). There are different names for the same definition: converge in
distribution, converge weakly, converge in law. You may also see various notations for weak convergence.

X, %x, Xx,2X o X,=X

It appears that in the statistics literature, “converge in distribution” is the most common, while weak con-
vergence is more broad (not limited to random variables).

Remark 2. Weak convergence is very different from previous convergence notations, as we do not require
that X, X1, Xo, ... lie in the same probability space. The only things that matter are the distributions, or
measures induced by each random variable.



As an example, consider X = G ~ N(0,1), then by the symmetry of normal distribution,
d d d
X, =G <= X, - —G because G = —G.

where £ means two variables having same distribution. Convergence in distribution does not track or relate
to the behavior of random variables as measurable functions X, (w) and G(w).

Theorem 1. Let X, X1, Xo, ... be random vectors in RY.
(i) If X B X, then X,, % X.
(i1) If X, 4 X and X =c a.s., where ¢ € R* is a constant vector, then X,, 5 c.
(iii) If X,, 5 X, then X,, = O,(1).
For simplicity, we prove this theorem for d = 1. See [2] for the general case.

Proof. (i) Let x be a continuous point of F'. Then for any € > 0, we can find 6 > 0 such that |F(y)—F(z)| < ¢
for all y € [x — §,z + J]. By the definition of convergence in probability,

lim P(|X, — X|>¢) =0.
n— oo
We observe that

Fu(z) = P(Xy <2) © P(X <2 +06) + P(IXy — X| > 6) < F(x) + & + P(IXn — X| > 6) 2)

where (i) is because if X,, < z, then at least one of the two events {X < x + 4§}, | X,, — X| > 0 must happen
(due to triangle inequality), namely

(X, <2} C{X <z+8}U{|X, - X| > 6}

Taking limit in Eqn. [2} we find lim sup,, F,(z)—F(z) < . Similarly, we can prove lim inf,, F,,(x)—F(z) > —e.
Since ¢ is arbitrary, we must have lim,, F,,(z) = F(z).
(ii) The CDF F(x) has a single discontinuity point at = ¢ and flat otherwise. So F,,(z) — 1 for any

x> cand F,(x) — 0 for any z < ¢. To prove X,, LN ¢, observe that for any € > 0,
P(|X,—c|>e)<P(X,>c+e)+ P(Xp,<c—¢)=1—F,(c+e)+ F,(c—¢)

The right-hand side converges to 0 as n — oo, so lim,, P(|X,, —¢| > ¢) = 0.
(iii) Fix any € > 0. We can choose some C > 0 such that P(|X| > C) < /2 and F(x) is continuous at
x = C (exercise), so
1-F(C)+F(-C)<¢/2

For sufficiently large n, |F,(z) — F(x)| < ¢e/4 at both x = C and « = —C. So by the triangle inequality, for
sufficiently large n,
P(IXu| > C) <1 Fy(C) + Fa(~C) <.



1.1 Properties

The following result gives some useful sufficient and necessary conditions for convergence in distribution. By
convention, we denote by Cy(R?) the space of all continuous bounded functions on R%. The characteristic
T
ezt X]

function of a random vector X in R? is px (t) = E| , a complex-valued function defined over ¢t € R?,

Theorem 2 (Theorem 1.9 of [2]). Let X, X1, Xo, ... be random vectors in R%.
(i) X, 4 x if and only if for all h € Cy(R¥),

lim E[h(X,)] = E[h(X)]. 3)

n—oo

(i) Let ¢px,Px,,Px,, ... be the characteristic functions of X, X1, Xo, ..., respectively. X, 4 x if and only
if lim,,, ¢x, (t) = ¢x(t) for all t € RY.

(iii) (Cramér-Wold) X, 4 x if and only if ¢T X, LeTX for every ¢ € R?,

You may try to convince yourself about the correctness of (i) in Theorem [2[ by proving simpler cases
(exercise). Case a: F,, and F' have bounded pdf. Case b: F,, and F' have pmf.

Heuristics. Instead of showing the full proofs, which are technical for this course, we will provide some
heuristics.

(i) The function h € Cy(R?) is sometimes called a test function (probing the value of a measure using a
continuous measurement).

A distribution function Fx (x) can be viewed as an expectation of an indicator function Fx (z) = E[1{X <
x}]. The indicator function h(z') = 1{z' < 2} may be viewed as an improper test function (discontinuous at
a point), so we need to do extra work using the assumption of continuity about x to derive . Conversely,
we can approximate the indicator function h except at the discontinuous point using a sequence of test
functions in Cy(RF).

(ii) There is a one-one mapping between characteristic functions and distribution functions. Characteristic
functions are a variant of Fourier transform, where the “time domain” of CDF F'x(x) is represented by the
“freqency domain” @ x (t). Weak convergence in the time domain can be translated to pointwise convergence
in the freqency domain under such Fourier transform (which is easily proved by (%)), and in reverse direction.

(iii) It is an easy consequence of (4i), since the characteristic function in R¢ is defined by projecting a
random vector to one dimension with ¢ € R? first.

2 Central limit theorem

Before stating the CLT, we make a simple observation. If X = (£;,&,,...,&) " € R? is a random vector, then
E(sz) < oo for all j implies E[|€;&m]] < oo for all j,m = 1,2, ...,k (by Cauchy-Schwarz). Thus, finite second
moments of a random vector imply that 3 = Cov(X) exists.

Theorem 3 (Central limit theorem). Let X1, Xs,...X,, be i.i.d. random vectors in R and assume that the
second moment exists. Denote the covariace matriz ¥ = Cov(Xy). Then

- S0~ B()) -5 N(O,3).



Note that CLT holds under quite minimal assumptions! Arguably it is the important theoretical result
in probability theory and statistics. For an average of i.i.d. random vectors, the shape of the asymptotic
distribution is determined purely by its covariance.

The normal or Gaussian distribution also plays a central role in various fields, such as Brownian motion
and financial markets, heat equation and diffusion process in physics, etc.

3 Three proofs ideas for CLT

First, we notice that proving CLT for the general R? case boils down to proving the one-dim case: by the
Cramér-Wold device, it suffices to show

1 n
N E "X, —E(c' X)) N N(0,¢" %), for all ¢ € RF.
n
i=1

We can introduce )?l = ¢' X;. Simple calculation shows that )~(Z has finite second moment and Var()NQ) =
c"Yc (exercise), so one-dim CLT implies the general CLT.

Second, notice that weak convergence holds after centering and rescaling the sequence of random variables
(exercise). Thus, without loss of generality, we consider the 1-d case (namely d = 1) and assume zero mean
with unit variance.

3.1 Characteristic function

Recall the definition of the characteristic function (ch.f.) ¢x(t) of a generic random variable

bx (t) = E(e'X?) = Elcos(Xt) + isin(Xt)].

Weak convergence is characterized by pointwise convergence of ch.f. An important property
about characteristic functions is that a probability distribution is uniquely determined by a ch.f. [I][Thm. 3.3.11].
Moreover, weak convergence of distributions can be tranlated to pointwise convergence of ch.f. and backwards
due to Lévy’s continuity theorem.

Theorem 4 (Optional, Thm 3.3.17 of [I]). Let p,,1 < n < oo be probability measures with ch.f. @,.

(1) If pn, A Loo, then o, — ©oo(t) for all t € R.

(#) If on(t) converges pointwise to a limit o(t) that is continuous at 0, then the sequence of distrbutions
Wn converges weakly to a measure p with ch.f. ¢.

Proof idea of CLT. Suppose X1, X, ... X, arei.i.d. random variables with zero mean and unit variance. Let
Sp = ﬁ l; X, and denote by ¢, (t) the ch.f. of S,,. And let ¢(t) be the ch.f. of a standard normal variable.
We know from Lecture 5 that ¢(t) = exp(—t2/2), which is a continuous function. By Lévy’s continuity
theorem (7i), we only need to show
on(t) = @(t) forall t € R.

Recall that from Lecture 5, indepedence of random variables is translated to products of ch.f. So ¢, (t) =
[(pl(t/\/ﬁ)]n. If n — oo, we apply Taylor’s expansion to ¢1(t/+/n) around 0, so

t? 2

on(t) ~ [1(0) + %w’l(o) +5-¢1(0) +o(—)]

n



This is of course only a formal expansion. A rigorous proof will need to establish differentiability of p(¢) and
work out o(t?) first (we are now dealing with complex-value functions!). It is possible (exercise*) to show

p(0)=1,  ¢(0)=iEX1=0, ¢{(0)=-E[X7]=-1

S0
t? n t? £ t t2 2
en(t) ~ [1+ T o(t*)]" = exp (nlog (1- T o(n))) = exp (n( —on o(n)>) — e t/?
which completes the proof (sketch). O

In the above proof sketch, the dominant term is the 2-nd order term since 1-st order term vanishes due
to zero-mean assumption.

3.2 The moment method*

Another way is using the moment methodﬂ to prove the theorem. This method is quite general and can
address (weakly) dependent data, and also works for random matrices. The drawback is that it is often
tedious.

The idea is to first develop a continuity theorem similar to Lévy’s continuity theorem: if E[X*] converges
to E[X*] for every positive integer k, then we have weak convergence X, 4 ox. Essentially the moment
exponent k plays a similar role as ¢ in ch.f. ¢(¢). Unfortunately, unlike ch.f., moments do not uniquely
determine a probability distribution, and the convergence correspondence requires an additional assumption
(see Sect. 3.3.5 of [1]).

Definition 2. Let Z be a countable set. We say (X;)iez is uniformly subgaussian if there exist constants
C,c > 0 such that
2
P(|X;| >t) < Ce™ for allt >0, forallicT.

We say X is subgaussian if |Z| = 1.

Uniformly subgaussian condition puts a strong restriction on the tail probability behavior of a collection
of random variables. It essentially requires that the tail probability decay is uniformly controlled by the
Gaussian probability tail (which is often considered as light tail). Under this condition, we have another
equivalence for convergence in distribution.

Theorem 5 (Carleman continuity theorem). Let (X,,),>1 be uniformly subgaussian random variables, X is

is subgaussian. Then X, 4 x if and only if

ImE(XF) =E(X*)  forallk=0,1,2..

Proof for ‘only if’ part. Let ¢(x) € [0,1] be a smooth function such that ¢(z) = 1 if z € [-1,1] and
suppf C [—2,2]. Fix any positive integer k. The goal is to show that

X, %X = forgiven N>0, lim E [(XEo(Xn/N)] =E [X*o(X/N)], (4)
n—oo
Uniformly subgaussian = lim sup |E [X5(1—¢(X,/N))]| =0, (5)
—00 p
Subgaussian =  lim |E [X*(1 - ¢(X/N))] | =o0. (6)
N—o0

INot to confuse with method-of-moment. In the context of probability theory, moment method refers to a proof strategy.



Eqn. 4 holds because z¥¢(x/N) is continuous and bounded. Eqn. |§| holds because of DCT. To prove ,

note
IE[X}(1 = ¢(Xn/N))| < E[|Xnl*Ix,>n51) (since 1 — ¢(X,,/N) = 0 if | X,,| < N)

o0
<Cy / kP P(| X, > t) dt (by Fubini’s theorem; recall Lecture 4)
N

< Cg/ ktk_16_0t2dt —0 as N — .
N

where C1,Cy > 0 are certain constants. The proof is completed by combining Eqns O
Proof idea for ‘if’ part. Use Lévy continuity theorem, we expand E(e***) and use Taylor expansion (ad-
mittedly, we use the standard chf stuff here). O

Moments calculation and combinatorics. Back to the proof of the CLT. For simplicity, we only prove
the case where X is boundedﬂ The general case can be proved with an additional truncation argument.
Define S,, = ﬁ(Xl + ...+ X,,), then (S,)n>1 is uniformly subgaussia Assume E(X) = 0, Var(X) = 1.
Now it suffices to show that ES*¥ — EG* for every fixed k = 0,1,2,... where G ~ N(0,1) is standard
Gaussian variable.

To better understand the expression, we first do some warm-up analysis. (i) For k=0, ESY =1 =EG°.
(ii) For k = 1, X, has zero mean = E S, =0=EG.

(iii) For k=2, ES? = L Y EX? =1=EG%
i=1

(iv) For k = 3, we have

E Sk =n=3/2 Eﬂ: EX}+n7%2 Y EBX2X; +3X,X7)+n7%2 Y E[6X;X;X]
i=1 1<i<j<n 1<i<j<k<n
=n"2EX? =o(1).
(v) For k = 4, we have
ESE=n"? > EX!+n? > E[6XX]]=3+0(1).
1<i<n 1<i<j<n
In general,
k k!
ESE=n"F23" > > EXEX. (7)

atlas!...a,!
m=1 1<i;<iz<...<im<n ar+..tam=k L 2Em

Let us take a closer look at this seemingly scary combinatorial expression.

e Observation 1: If a; = 1, then E(X;) = 0. So we only need to consider ay, ..., a,, > 2.

e Observation 2: There are (Z) = O(n™) choices of (i1,12,...i;,) satisfies 1 < iy < ig < ... <y <.

The leading term of the RHS of is when m = |k/2], and a1 = a3 = ... = a,, = 2 (if k is even). Then we
have
k! (1) £
_ k! —— + 0 1 1S even
E Sy =n""2(1) 5r +o(1) = q (b/2)12/2
o(1) if k is odd.

The leading term coincides with the moments| of the normal distribution. This implies that E(S¥) — E(GF)
as n — o0o.

2Note: This is a strong assumption since a bounded random variable implies the subgaussian property.
3Note: This will be proved in the next lecture.


https://en.wikipedia.org/wiki/Normal_distribution#Moments

Remark 3. There are n* terms in total when we expand the sum S¥. However, when we evaluate the
expectation of S¥, most terms will go away since E X; = 0, which leaves O(nk/2) active terms—this is the

reason for factor \/n in CLT.

3.3 Lindeberg swapping trick

The third proof idea is closed related to the universality. The universality idea is the following.

1. Show that some property about random variables X;, Xo, ..., X;, (measured as F(X7, Xo,..., X,,) for
instance) is unchanged if X; is replaced by independent Y; ~ A/(0, 1), which usually has the analytic
style (heavily involved with arguments about continuity and taking limits).

2. Gaussian case calculation, which is usually has the flavor of algebra and combinatorics.
Applying this general strategy to prove the CLT, if we could show
X1+ Xo+ ...+ X, ~ i+Yo+...4+Y,
vn vn
then the proof is complete. Thus, we only need to justify the "a” part. Below let us present a stronger form

of CLT under an additional finite third moment assumption. By convention, we denote by C3(R) the space

of functions which are third-order continuously differentiable.

Theorem 6 (a variant of Berry-Esséen theorem). Let X be a random variable with E(X) = 0, E(X?) = o2
and E(|X|?) < oo, and let X1, X, ..., Xp Y XL Let Fp be the space of function ¢ such that ¢ € C3(R),
and ‘%Mm)‘ < B fork=0,1,2,3. Then

NN(Oa 1)7

CB
. S,) — Q)< =
;eu}pBIM( ) —E¢( )|<\/EIE(

Proof. Let Y1,Ys,...,Y, i N(0,1), define W,, = L\/;Y” 4 N(0,1), S, = X1+""+X"'\+}:“+'”+Y", note

Snn = Sy Suo = Wi B(6(Sn)) — E(G(Wi)) = — 5 E[$(Sns) — ¢(Snis1)]. Tt suffices to show

1=0

X [%).

CB
sup  sup [E[¢(Sh.i) — ¢(Snir1)ll < —75 E(XP).
peFp 0<i<n—1 n

Define T}, ; = X1+"'+Xi%“+'”+y", i =0,1,..,n—1, then S, ; = T, ; + ﬁYiH, and Sy i1 = Thi +

ﬁXiH.Then by Taylor expansion, we have

. g 3
B(0(5.1)) = B(O(Tr) + = BI6 (Tu)Yiur] + 5 Bl (1, 0v2) + 0 22T,

Vn 2n
B 1 1 B E(|Xiy1]*)
E(¢(Sn,it1)) = E(@(Th)) + NG E[¢ (Th,:)Xi1] + o T) .
Note that |¢"'| is uniformly bounded by B (a crucial condition!), so it is correct to use the big-O notation
in the above equations. By our definition, 75, ;, Xi4+1, Yit1 are jointly independent! So

(8)
Bl (T X2) + O(

E[¢ (Tn:)Yit1] = E[¢ (Tn)| EYira], Bl (Tn:)Yi] = E[6 (L) B2,
El¢ (T5,0)Xit1] = El¢ (L) E[Xina],  Elp (Tn)XP] = Elo (T0)] E[X2]-
Our definition also ensures that the first two moments are matched: E[Y;;1] = E[X; 1] = 0, E[Yzil] =

E[X? ,] = 1. Taking the difference of (8], we obtain

IE [¢(Sn.i) — ¢(Snit1)]] < CB- (E(|X|:;?),/_|2— E(|Yi+1‘3))'




Rate of convergence for CLT. The common Berry-Esséen theorem is stated below, which is an im-
provement of Theorem [6]

Theorem 7 (Berry-Esséen theorem). Let X be a random variable with E(X) = 0, E(X?) = 02 and E(| X|?) <
00, let X1, Xa, oo, Xn "5 X, Then

C
sup [P(S,, < a) — P(G < a)| < —=E(|X ).
sup [B(S, < a) ~ P(G < )| < = B(X)

This theorem implies CLT since Fg, (a) = Fg(a) for all a. The conclusion is stronger than CLT, since it
provides an error bound of the uniform convergence of CDF.

4 Further reading

For more results about weak convergence and characteristic functions, a good reference is [1][Sect. 3.2—3.3].

Proofs for CLT. The three proof ideas for CLT are taken from the book [3], which provides multiple
proofs for CLT.

Useful facts. As we dig into the proofs, you may find some basic facts useful.

1. If F is a CDF, then it admits at most countably many discontinuous points. It is equivalent to
{z € R: p({z}) > 0} being countable where p is the measure associated with F'.

2. If B C R is a Borel set with a positive Lebesgue measure m(B). Then for any £ > 0, there exist an
open set O and a closed set K with K C B C O such that m(K) > m(B) — e and m(0) < m(B) +e.
In words, a Borel set can be squeezed by an open set and a close set. More properties can be found in
Wiki.

3. If O C Ris an open set, then it has the form O = U,;ez(a;, b;) for countably many suitable real numbers
a;, bi.

The following result can be used to check whether X,, % X when X has a pdf f and X,, has a pdf f,.

Theorem 8. (Scheffé’s theorem). Let {f,} be a sequence of pdf’s on RF w.r.t a measure v. Suppose that
lim, 00 frn(x) = f(z) a.e. v and f(zx) is a pdf w.r.t. v. Then

i [ 1f.(a) - f(o)ldv =0,

n—
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