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In this lecture, We will introduce an important lower-bound result for unbiased estimation.

1 Fisher Information

Suppose that X is drawn (e.g., single observation or sequence of i.i.d. data) from Pθ ∈ P = {Pθ : θ ∈ Θ},
where the parameter space Θ ⊂ Rk is an open set. Also suppose that Pθ has p.d.f. fθ w.r.t. measure ν on
Rk for any θ ∈ Θ, and fθ is differentiable in θ.

Definition 1 (Fisher Information). For the parametric function {Pθ : θ ∈ Θ}, the Fisher information
(matrix) is defined as

I(θ) = E

[
∂

∂θ
log fθ(X)

(
∂

∂θ
log fθ(X)

)>]
,

where the expectation is taken over Pθ. We also write IX(θ) to emphasize the dependence on X should
confusion arises.

Note that by definition, I(θ) is always positive semidefinite. We call ∂
∂θ log fθ(X) the score function.

Proposition 1. (i) If X is independent of Y , then the Fisher information about θ in (X,Y ) is

I(X,Y )(θ) = IX(θ) + IY (θ).

If X1, . . . , Xn are i.i.d., then

I(X1,...,Xn)(θ) = nIX1
(θ)

(ii) Suppose that fθ is twice differentiable in θ. Under a “regularity condition”,

I(θ) = −E
[

∂2

∂θ∂θ>
log fθ(X)

]
.

Proof. (i) Due the property of independence, joint p.d.f. becomes a sum under the logarithm (exercise).

(ii) A useful observation is the following identity.

∂2

∂θ∂θ>
log fθ(X) =

∂2

∂θ∂θ>
fθ(X)

fθ(X)
− ∂

∂θ
log fθ(X)

[
∂

∂θ
log fθ(X)

]T
.
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When taking expectation, we get

E

[
∂2

∂θ∂θ>
fθ(X)

fθ(X)

]
=

∫ ∂2

∂θ∂θ>
fθ(x)

fθ(x)
fθ(x) dx =

∫
∂2

∂θ∂θ>
fθ(x) dx

=
∂2

∂θ∂θ>

∫
fθ(x) dx (regularity condition)

= 0. (since

∫
fθ(x) dx ≡ 1)

The regularity condition is an annoying technicality that ensures the exchangeability of integrals with
differentials (again, physicists don’t care). They hold under quite general scenarios such as smooth p.d.f. with
a compact support or the exponential family.

2 Cramér-Rao Lower Bound

Recall that a symmetric matrix A is positive definite if u>Au > 0 for all nonzero vectors u, and it is positive
semidefinite if u>Au ≥ 0 for all vectors u. By convention, we write A ≥ B for two symmetric matrices of
the same size if A−B is positive semidefinite.

Let ν = g(θ) be the quantity of interest where g : Rd → Rk is differentiable. Suppose that X is drawn
from a distribution in {Pθ : θ ∈ Θ} and T (X) is an unbiased estimator of ν. Let fθ be the density function
with respect to a reference measure µ.

Theorem 1. Suppose that I(θ) is positive definite, and that for any θ ∈ Θ,

∂

∂θ

∫
h(x)fθ(x) dµ =

∫
h(x)

∂

∂θ
fθ(x) dµ, for any θ ∈ Θ, (1)

holds for h(x) ≡ 1 and h(x) = T (x) (regularity conditions). Then,

Var(T (X)) ≥
[
∂

∂θ
g(θ)

]>
[I(θ)]−1

∂

∂θ
g(θ).

Fisher Information provides a lower bound on variance (and thus MSE) of unbiased estimators for a
parametric family. It may not be always achievable, but if we can find an estimator that achieves this lower
bound, then we certify the optimality of this estimator in the class of unbiased estimators (namely certifying
UMVUE). See wiki for the multivariate case.

Only k = 1 and d = 1, similar for k > 1. Our goal is

Var(T (X))E

[(
∂

∂θ
log fθ(X)

)2
]
≥ (g′(θ))2. (2)

It suffices to show the following two equalities.

E

[(
∂

∂θ
log fθ(X)

)2
]

= Var

(
∂

∂θ
log fθ(X)

)
, g′(θ) = Cov

(
T (X),

∂

∂θ
log fθ(X)

)
.

Once they are proved, Eqn. 4 follows from Cauchy-Schwarz Inequality:

Var(ξ1)Var(ξ2) ≥
[
Cov(ξ1, ξ2)

]2
.
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Note that

E
[
∂

∂θ
log fθ(X)

]
=

∫ ∂
∂θfθ(x)

fθ(x)
fθ(x) dx =

∫
∂

∂θ
fθ(x) dx =

∂

∂θ

∫
fθ(x) dx︸ ︷︷ ︸
≡1

= 0,

and that

E
[
T (X)

∂

∂θ
log fθ(X)

]
=

∫
T (x)

∂
∂θfθ(x)

fθ(x)
fθ(x) dx

=

∫
T (x)

∂

∂θ
fθ(x) dx

=
∂

∂θ

∫
T (x)fθ(x) dx

=
∂

∂θ
g(θ) (by unbiasedness)

= g′(θ).

Again, the regularity conditions hold for “nice” functions, e.g., smooth functions with bounded support
or fast decaying tails.

Remark 1. (Reparameterization) If θ = φ(η), ψ ∈ C1 is one-one mapping in Rk, then

IX(η) =
∂

∂η
ψ(η)IX(ψ(η))

∂

∂η
ψ(η)T,

is different (where ∂
∂ηψ(η) is the Jacobian matrix of full rank), but

∂

∂η
g(θ) =

∂

∂θ
g(θ)

∂

∂η
ψ(η),

so the Cramér-Rao lower bound is unchanged (we cannot cheat the lower bound by reparametrization).

Remark 2 (Asymptotic optimality of MLE). We briefly discussed in Lecture 11 and MLE has asymptotic
variance (nIX(θ))−1, which matches the lower bound asymptotically. This is a key advantage of MLE.

3 Two interpretations of Fisher information

3.1 Geometric view of fisher information

log fθ(x) is also known as log-likelihood (or written as loglik) function. A natural loss that we want to
minimize is the following negative loglik.

`(θ;X) = − log fθ(X).

If we have i.i.d. data X = (X1, . . . , Xn), then

`(θ;X) = −
n∑
i=1

log fθ(Xi).
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Figure 1: Small I(θ) Figure 2: Large I(θ)

Note that Fisher information is related to the expected curvature (in one dimension, the rate of change of
tangent vector) of `(θ;X), since

I(θ) = E
[

∂2

∂θ∂θ>
`(θ;X)

]
.

Recall that in MLE, we estimate θ by maximizing `(θ;X). We provide some geometric heuristics. An obvious
property of MLE is that the maximum must correspond to a stationary point of `(θ;X), which means

E
[
∂

∂θ
`(θ̂;X)

]
= 0,

Intuitively, consider the one-dimensional case for simplicity, a large I(θ) means larger local convexity, so
noise perturbation is easier to be controlled. Figure 1 and 2 provide examples of small I(θ) and large I(θ).
The following is an intuitive understanding of Fisher information.

large I(θ)⇒ easy to find θ ⇒ less uncertainty / smaller lower bound.

Example 1. Let X1, X2, . . . , Xn
i.i.d.∼ N (µ, σ2), where σ2 > 0 is known.

∂

∂µ
log fµ(X) =

n∑
i=1

(Xi − µ)/σ2 =⇒ I(µ) =
n

σ2
.

We know X̄ is a UMVUE. It is easy to check

Var(X̄) = [I(µ)]−1,

attaining the Cramér-Rao lower bound.

Remark 3. σ/
√
n is the “effective noise level”. A large sample size n reduces uncertainty.

3.2 Information theoretic interpretation

Let us recall the information notations.

• Mutual Information: Defined generally for random variables, unchanged under one-one mapping.

• Fisher Information: Defined for specific parametric models, changed under reparameterization.

Both information quantities measure the amount of information about θ given observation X. Here we give
a concrete connection: Under certain “regularity conditions”,

D(Pθ0 ||Pθ0+ξ) =
1

2
ξTI(θ0)ξ + o(‖ξ‖2); (3)
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this is because by Taylor expansion,

log fθ0+ξ(X) = log fθ0(X) + ξ>∇θ log fθ(X) +
1

2
ξ>∇2

θ(log fθ(X))ξ + o(‖ξ‖2),

and so by the definition of KL divergence and the fact E[∇θ log fθ(X)] = 0, we obtain Eqn. 3.
Thus, Fisher information characterizes how hard to distinguish two distributions in a parametric family

under the KL divergence. To draw an analogy, Fisher information I(θ0) in Eqn. 3 plays a similar role as
local convexity plays in optimization.

4 Cramér-Rao lower bound may not ne attained

Let X1, X2, . . . , Xn
i.i.d.∼ N (µ, σ2), where σ2 > 0 known, and we are interested in estimating ν = g(µ) = µ2.

Check (exercise)

(1) h(X̄) = X̄2 − σ2

n is UMVUE.

(2) Var(h(X̄)) = 4µ2σ2

n + 2σ4

n2 .

(3) Cramér-Rao lower bound for ν is 4µ2σ2

n .

(4) If, however, we are interested in estimating µ, then as in Example 1, both Var(X̄) and the Cramér-Rao
lower bound are σ2/n.

Note that h(X̄) matches the leading order term but not the exact lower bound. Why?

• We know that X̄ is the MLE for estimating µ with optimal asymptotic variance V = σ2/n. By the Delta
method, the asymptotic variance of g(X̄) is [g′(µ)]2V—this form is exactly the Fisher information under
reparametrization, so the asymptotic variance matches the lower bound. However, the asymptotic
variance does not need to equal the actual variance of h(X̄); nevertheless, it matches the leading-order
term in this case.

• The reason for the gap between the variance and the lower bound is that we have a strict inequality in
Cauchy-Schwarz Inequality in Eqn. 4. Recall that the equality condition for Cauchy-Schwarz Inequality
is T (X) = c ∂∂θ log fθ(X) a.s. for some constant c. This does not hold for T (X) = h(X̄).

5 Examples of Cramér-Rao Lower Bound

5.1 Exponential Family

Let Θ ⊂ Rk be an open set. Let {fθ : θ ∈ Θ} be the exponential family with p.d.f.

fθ(x) = exp{η(θ)TT (x)− ξ(θ)}c(x).

Suppose that X is drawn from a distribution Pθ with corresponding p.d.f. fθ in this exponential family.

Proposition 2. (i) Regularity conditions in Eqn. 1 are satisfied for any measurable h with

E |h(X)| <∞.

(ii) Consider the natural parameter η. Then

Var(T (X)) = I(η).
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(iii) Suppose ν = E[T (X)] is parameters of interest, and Ī(ν) denoted the Fisher Information. Then

Var(T ) = [I(ν)]−1.

Proof. Under natural parameters η, we write the exponential family as

fη(X) = exp{ηTT (X)− ξ(η)}c(X).

(i) + (ii) proved in Homework 4. In addition, we proved that fη(x) is C∞. Also, from Homework 4,

ν =
∂

∂η
ξ(η).

By reparameterization,

I(η) =
∂ν

∂η
Ī(ν)

∂ν

∂η

>
.

Note that

∂ν

∂η
=

∂2

∂η∂ηT
ξ(η) = Var(T ) = I(η).

So,

Ī(ν) = [I(η)]−1 = [Var(T )]−1.

5.2 Linear model

Basics. Data (X1, Z1), . . . , (Xn, Zn), where Xi ∈ R, Zi ∈ Rp. Often independent across i = 1, 2, . . . , n,
and they follow

Xi = βTZi + εi, (4)

where

• Xi is the response, observation, or outcome.

• β is the coefficients.

• Zi is the explanatory variables (or covariates, features, attributes, regressors, predictors).

• εi is the random error (or noise).

Here Zi can be random or nonrandom. For simplicity, we will treat Zi as fixed (If Zi is random and
independent with other random variables, we condition on Zi and conclusions remain the same.) We can
also write the matrix form.

X
n×1

= Z
n×p
· β
p×1

+ ε
n×1

.

Note: Eqn. 4 subsumes the case with an intercept term: [β, β0]T [Zi, 1]. In the matrix form, we view intercept
as a column of Z.
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Least square estimator (LSE). LSE β̂ ∈ B satisfies

‖X − Zβ̂‖2 = min
b∈B
‖X − Zb‖2. (5)

For any ` ∈ Rp, `>β̂ is called an LSE of `>β. As we already know, LSE admits an explicit formula.

• If Z has full column rank, then

β̂ = (Z>Z)−1ZTX.

• If Z does not have full column rank, then there are infinitely many solutions to Eqn. 5, and the
minimum `2-norm solution is unique and given by

β̂ = (Z>Z)+Z>X,

where (·)+ denotes the (Moore–Penrose) pseudo inverse.

Optimality of LSE. We make the following parametric assumption: ε
i.i.d.∼ N (0, σ2In), where σ2 > 0 is

unknown.

Theorem 2. Under the above assumption, if Z has full column rank, then

(i) `Tβ̂ is UMVUE of `Tβ.

(ii) σ̂2 = 1
n−p‖X − Zβ̂‖

2 is UMVUE of σ2.

Proof.

‖X − Zβ‖2 = ‖X − Zβ̂‖2 − 2β>Z>X + ‖Zβ‖2 + ‖Zβ̂‖2.

The joint p.d.f. of X is

pβ(x) =
1

(2πσ2)n/2
exp

{
β>Z>x

σ2
− ‖x− Zβ̂‖

2 + ‖Zβ̂‖2

2σ2
− ‖Zβ‖

2

2σ2

}
.

We can use the property about exponential family (Proposition 1 from Lecture 12) to check that (Zβ̂, ‖X −
Zβ̂‖2) is complete and sufficient for θ = (β, σ2). Note that `>β̂, σ̂2 are functions of Zβ̂, ‖X − Zβ̂‖2
respectively. Further, it is easy to verify unbiasedness (exercise)

E[`>β̂] = `>β, E[σ̂2] = σ2.

Therefore, Lehmann-Scheffé theorem implies UMVUE.

In fact, we can characterize the distribution of the LSE and residual explicitly, which is useful for deriving
statistical tests for LSE.

Theorem 3. Under the same assumption as in Theorem 2, `>β̂ is independent of σ̂2. Specifically,

`>β̂ ∼ N (`>β, σ2`>(ZTZ)+`), σ̂2n− p
σ2

∼ χ2
n−p.
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Proof sketch. Denote (PZ , P
⊥
Z ) to be the projection matrices to the range and null space of Z respectively.

Then,

Zβ̂ = PZ(X), X − Zβ̂ = P⊥Z (X).

Orthogonal transformation of an isotropic1 Gaussian random vector is still an isotropic Gaussian. Thus,

PZ(X) is independent of P⊥Z (X),
1

σ2
‖P⊥Z (X)‖2 ∼ χ2

n−r.

There is a geometric intuition behind this proof: the best linear fit is the orthogonal projection of
observation vector X onto the subspace spanned by columns of Z.

Fisher Information. We consider the parametric assumption ε
i.i.d.∼ N (0, σ2In) and the unknown param-

eters are θ = (β, σ2).

I(θ) =
1

σ2

(
ZTZ 0

0 n
2σ2

)
.

If Z is not full rank, I(θ) may not be invertible. Indeed, in the null space Ker(Z), two distributions Pθ, Pθ′

are not distinguishable.
It is clear that LSE is the MLE for estimating β under our assumption, and it attains the Cramér-Rao

lower bound; exercise: if we are interested in estimating σ2, does the UMVUE attain the lower bound?

6 Further reading

The information perspective of Fisher information can be found in many sources, e.g., Section 2.6.2 of [1].
Fisher information is a central quantity in classical mathematical statistics, and in STAT 710 you will revisit
this concept, especially when studying MLE.

Linear square estimator. The discovery of least squares has an interesting history. A nice reference is
Wikipedia page.

Least squares estimators can be derived using both MLE or method-of-moments, both of which will be
covered in STAT 709 and STAT 710. The practical side of least squares is covered in STAT 849 and 850.
Some key related notions:

• collinearity,

• basis expansion,

• least absolute deviations.

For solving nonlinear least squares, a classical approach is iterative reweighted least squares.
In the modern context where dimension grows proportionally with sample size, least squares estimator

is inconsistent; in over-parametrized settings, least squares estimator is not uniquely defined, but min-norm
solution is usually expected and enjoys good statistical properties.

1This means that that covariance is an identity matrix.

8

https://en.wikipedia.org/wiki/Least_squares


Optimality of LSE under weaker conditions We make the following assumptions: E[ε] = 0, Var(ε) =
σ2In where σ2 > 0 is unknown.

Theorem 4 (Gauss-Markov Theorem). Under the above assumptions, if Z has full column rank, then `>β̂
is the best linear (linear in X) unbiased estimator (BLUE) of `>β.

We make weaker assumptions, and accordingly the optimality is stated in a smaller space of candidate
estimators.
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