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In this lecture, we will introduce some basics for understanding high-dimensional phenomena.

What are concentration inequalities? From the LLN, we know that an empirical mean i “concen-
trates” around the population mean p. This is characterized by the asymptotic notion of convergence in
probability. When we zoom in on the difference fi — p by multiplying it with a factor of v/, then we know
that the v/n(fi — 1) has a normal distribution asymptotically.

Concentration inequalities provide non-asymptotic bounds on the difference as an alternative way of
characterizing the concentration. Usually we will see statements like “With very high probability, a cer-
tain event (e.g. inequality) happens.” Often the exception probability decays exponentially in the number
of variables. Compared with classical asymptotic theory, concentration inequalities often give us refined
quantitative control of extreme/exception probabilities.

In this lecture, we use C' and ¢ to refer to a generic constant.

1 Motivation for concentration inequalities

Recall the central limit theorem: if Xy, X5,... X, i x satisfy EX = 0 and EX? = 1, then
= En: X; -5 N(0,1)
v i=1 Z o

Recall the Gaussian tail probability bounds from Lecture 1.

Proposition 1 (Gaussian tail probability). Let G ~ N(0,1), then for any ¢t > 0,
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Let F and P be the Gaussian CDF and Gaussian pdf respectively. From the above proposition, if ¢ — oo,
then

1 _ i Le*ﬁ/z <P(G>t) < 1 1 67t2/2'
t 3 t

1 F(t) = (1+ 0(1))%13@).

If we pretend that the following approximation is valid,
1< 1 <
P(~ Y Xi>t) = P(ﬁ > X > /nt) = P(G > /nt),
i=1 i=1

—nt?/2

then the tail probability of empirical mean of n i.i.d. random variables is O (e ) This argument is

wrong, but the conclusion about an exponentially decaying tail probability holds in many cases.



Proposition 2 (Berry-Esseen Inequality). Suppose that X1, Xs, ..., X, are i.i.d. random variables with zero
mean and finite third moments. Then, for allt € R,
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where C is a positive constant.

The error term is O (ﬁ), much larger than O (e‘"tz/ 2) if t > ﬁ Moreover, the error term cannot
be made smaller in general due to the next simple example.

Thus, unfortunately, there is no hope of deriving a non-asymptotic bound on the tail probability of
P (ﬁ Y X > t) by combining the Gaussian tail probability bound and the Berry-Esseen Inequality.

Example 1. Let X1, X,,... X, i Bernoulli(%), where n is an even integer, then

Applying Stirling’s approximation:

nl = (1+o(1))v2rn (g)

P (;Y = Z) o ¢! +o(1))\/z\}ﬁ
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Note that P(G = 0) = 0. In this example, the gap between the two CDFs is O(ﬁ)

we have

such that

2 Subgaussian variables and Hoeffding’s Inequality

First, we introduce an important definition.

Theorem 1 (Subgaussian random variables). Let X be a random variable with EX = 0. Consider three
conditions.

(i) P(IX] > t) < 2e77/5% vt > 0.
(i) sup,>q ﬁ(E|X|p)l/p < Ks.
(iii) E[e*X] < K3V v A e R

Conditions (i), (i), (iii) are equivalent in the sense that K; < CK;, ¥ i # j for certain absolute constant
C. We say X is a subgaussian random variable if any of the three conditions hold.

INote: E[e**] is called moment generating function (m.g.f.) of X.


https://en.wikipedia.org/wiki/Stirling%27s_approximation

Proof. (i)=-(ii): Without loss of generality, assume K7 = 1. Otherwise set X := X/K;. Observe

E|X|P = / P(|X| > t)ptP~dt (see Lecture 4, or use Fubini’s theorem)
0

< / 2ptP et dt
0
= p/ uP=2D/2e7 gy (change of variables u = t?)
0

= pF(p/Q (Gamma function)

< 3p( )P /2 (by property of Gamma functions).

(ii)=-(iii): Without loss of generality, assume Ky = 1 for simplicity. Let X £ X be an independent copy.
Note that X — X has a symmetric distribution, i.e., X — XLXx_-X (exercise). Recall Jensen’s inequality:
If Z is a random variable, h : R — R is a convex function, then Eg(Z) > g(EZ). Therefore,

Eef)‘)? > ef)‘]E)? =1
So,

EerM < ErXEe X = Er(X—X) (by independence between X and X)

0 AMX = X))
=Ek2“ - >]]

- X X
= Z )'] (by Fubini’s theorem)
k=0
= ME[(X - X)F
=1+ Z % (by symmetry)
k=2, k even ’
OO 22 kk,k/2
<1+ Z ClL (by Stirling’s formula)

k=2, k even 27Tk(k/€)k

> (2¢/eN)"
= k QZkeven 02 \% 27Tk/2(k/(26))k/2

> 4 2\m
<1+ > 02% (letting m := k/2.)

(by Stirling’s formula)

= K2V (Choose Ko = 4Cse).
(iii)=-(i): Without loss of generality, assume K5 = 1. For any A > 0, t > 0,
P(X >t) < P(eM > M)

< e MEHX (by Markov’s inequality)
67)\t+)\2

IN

e t/4 (choose A = t/2 to minimize —\t 4+ A\?).

IN



Repeating the same for — X, we have
P(—X >t) <e /4,

Therefore,
2
P(X|>t) <2 /%  Vi>0.

O

The smallest K3 is called subgaussian norm of X, denoted by || X||4,. By Minkowski inequality, it is easy
to check that it satisfies the requirements of a norm (exercise). Like the variance, the subgaussian norm
measures the spread of a zero-mean random variable, but it requires the probability tail decay as fast as a
Gaussian tail in order for the norm to be finite.

Example 2. If X ~ N(0,02), then || Xy, < Co.
Example 3. If | X| < M a.s., then | Xy, < CM.
For a sum of independent subgaussian random variables, we have the desired Gaussian tail bound.

Theorem 2 (Hoeffding’s Inequality). Let X1, Xs,..., X, be independent random variables, such that EX; =
0 and each X; is subgaussian. Let a = (a1, ...,a,) be a nonrandom vector. Denote K := maxi<i<n || Xi||y,-

Then
P >t <26 ct? (1)
ol
. = =P TR )P

n
Z a; X;
=1
In particular, if we choose a; = 1/n for all ¢ then Hoeffding’s inequality says that we have the Gaussian
tail bound. B
Apart from the constant, this bound cannot be improved. In the case X; N (0,1), we have
S aiX; ~ N(0, ||lal|?), so by Proposition E the tail probability is roughly characterized by exp(—t2/(2||al|?)).

holds for certain absolute constant ¢ > 0.

Proof of Theorem @

Eexp ()\ Z aiXZ) = H Eexp(Aa; X;) (by independence)
i=1 i=1

< [[exp(CX%a?||XilI2,)  (by Theorem [] (ii))

=1

< exp(C\? Z a?K?)
i=1

— exp(CN?]Jal2K?).

Then use Theorem m (i). O

3 Subexponential variables and Bernstein’s Inequality

We introduce another notion that characterizes fast decay of the tail probability, though not as fast as
subgaussian tails.

Theorem 3 (Subexponential random variables). Let X be a random variable with EX = 0.

(i) P(|X|>t) < 2e /51 Vi>0.



(ii) sup,sy 3 (EIX[P)VP < K.
(iti) E[e*X] < eKaX* | v |\ < 1/Ks.
Conditions (a), (b), (c) are equivalent in the sense that K; < CK;, Y i # j for certain absolute constant C.

The smallest K5 is called subexponential norm of X, denoted by | X|y,. By definition, subgaussian
random variables are necessarily subexponential random variables with || X ||y, < || X||y,; this is because

(E|X|p)1/1’ > \[(]E|X|p)1/p for any p > 1

so taking sup,>; yields [ X[y, < [|[X|ly,. In fact, intuitively, a subexponential random variable can be
viewed as a square of a subgaussian random variable. This intuition is captured by the following lemma.

Centering.  For random variables with nonzero mean, conditions (%) and (7)) in Theorem E (and similarly
in Theorem B) are still equivalent. Moreover, we have bound

[X —E Xy, < O X4,
See Lemma 2.6.8 of the book [1].
Lemma 1. Suppose that X, Y are subgaussian (not necessarily independent). Then XY is subexponential
with

XY [y < X N (1Y [ -

Proof. We use the second condition of subgaussian and subexponential random variables.

[E|X|*PE|Y|*"] H/ep) (Cauchy-Schwarz Inequality)
CllXNya vPIY [l v/P-

[E(XPIY )P <
<

Example 4. Let G ~ N(0,1), then G* (namely chi-square x3) is subezponential, ||G?|ly, < C.
Example 5. Let X ~ Exp(1) be an exponential random variable, then || X|y, < C.
Example 6. Let X be a random variable such that | X| < M 1is bounded for M > 0. Then, || X|4, < CM.

Now we are in the position to state the concentration inequality for a sum of subexponential random
variables.

Theorem 4 (Bernstein’s Inequality). Let Xi,..., X, be independent random variables, such that EX; = 0
and each X; is subexponential. Let a = (ai,...,an) be a nonrandom vector. Denote K := maxi<i<n || Xily, -

Then
P }iaiXi|2t < 2exp <cmin< ;2 L t >), (2)
K2|[all*” Kllal|s

i=1

where ¢ > 0 is a constant.

Subexponential random variables have “heavier” tails compared with subgaussian random variables.
Expectedly, the upper bound in Eqn. P is worse than the bound in Hoeffding’s theorem, since it involves
additional term t/(K||a|lo) in the exponent.



Proof. We apply a similar strategy as in the proof for Hoeffding’s Inequality.

n n
P <| Z aiXi\ Z t) S €7>\t H ]EeaiAXi.
i=1 i=1

If A < , then by (c),

HaH
P (’ ZaiXi’ > t) < 2exp (=Mt + CNK?||al?) .
i=1

We only need to optimize —At + CA2K?||a||? over |A| < ”a” . Some calculation yields the desired upper
bound. O

Theorem 5 (Bernstein’s Inequality for bounded random variables). Let X, ..., X,, be independent random
variables, such that EX; = 0 and maxi<;<n, | X;| < M a.s.. Then

" t2/2
P X >t] <2 L
(’; 2 )‘ exp( 02+Mt/3)
where 0% =Y | EX? is total variance.

Note that
max{o?, Mt/3} < 0% + Mt/3 < 2max{c?, Mt/3},

so the exponent in the upper bound of Theorem a is roughly (up to a constantE)

t2 [t ot
———————— = —min —, —
max{c2, Mt} o2’ M

This is similar to the exponent in the bound in (E)

Remark 1. There is a popular variant of Bernstein’s inequality.

(‘ZX| 0+M ) Sgexp< mm((l; 512)> for any 6 > 0, (3)

where C' is a certain constant. This inequality is a consequence of Theorem B In fact, note that

—t2/2 —t2 [ 2 3t
< =—mins —,— /.
o+ Mt/3 — 2max{o?, Mt/3} 402’ AM

So choosing t = M with a sufficiently large C leads to
t2 1 3t 1
> 2>
402 T 2 A4M — 6

and therefore leads to the upper bound in Eqn. B

4 Understanding the two tail probabilities

Let X1, X5,...,X, be independent random variables, and a = (a1,...,a,) a nonrandom vector. We are
interested in the tail probability of the sum S, = Y_,_; a;X;. The variance of S, is Var(S,) = ||a|/*.

2When we say two quantities s and ¢ are up to a constant, we mean ct < s < Ct for absolute constants ¢, C' > 0.



Large deviations Small deviations Large deviations
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Figure 2.3 Bernstein’s inequality for a sum of sub-exponential random
variables gives a mixture of two tails: sub-gaussian for small deviations and
sub-exponential for large deviations.

1. Gaussian distribution. In the canonical case X; < N(0,1), we have S, 4 N(0, ||al[?), so the
distribution of S,, is completely detern;ined loy its variance. According to Proposition 1, the tail
probability is mainly determined by e~t"/llall”) (ignoring poly-factor).

2. Asymptotic normal distribution. Under certain conditions we expect the asymptotic normality

d
Sn/llal| A N(0,1), so approximately S, ~ N (0, ||a||?). However, as we explained in Section 1, CLT is
informative about “bulk” probability but not tail probability.

3. Subgaussian distribution. If the tail probability of each individual X; is “lighter” (in the sense of

Theorem 1(i)) than the standard Gaussian tail, then we still get a “light” tail controlled by e—ct*/@llal®)
(up to constant ¢ in the exponent).

4. Subexponential distribution. If the tail of X is slightly heavier than Gaussian, then S,, shows a

mixture of two tails in Eqn. P—one is Gaussian e—ct’/lal®) and another is exponential e~/ llalles The
tail probability is controlled by the Gaussian tail when ¢ is moderately large and by the exponential
tail when ¢ is very large. We cannot control the exponential tail: consider a = (1,0,...,0) and

X, 4 Exp(1), where the tail probability is purely exponential.

The discussion about subexponential distribution suggests two scales of S,: (i) one is the standard
deviation ||a|| of S,, which is already expected from CLT, (ii) another is ||a|lcc which cannot be controlled
by Gaussian tail due to the heavier tail of individual X;. Usually, the first tail plays the dominant role at
small deviation (moderate t), and the second at large deviation (large t). See Figure 2.3.

Theorem J controls the tail probability from a slightly different way: first using a variance quantity o2
similar to ||a||? above, second using a crude bound M on X; (trivially leads to subexponential norm M) to
control the potentially “heavier” tail of Xj.

High-probability bound. Finally, to get a high-probability bound on S,, we conclude that |S,| is
bounded by the following quantity with probability at least 1 — §.

1. Gaussian or subgaussian case: O(y/log(1/d) o) where o is the variance of S,.
2. Subexponential case: O(log(1/6)(c + M)) by Eqn. E



5 Further reading

The recent book [l] on high-dimensional probability provides an excellent introduction to this topic. The
materials (esp. Figure 2.3) of this lecture are mostly taken or adapted from Section 2 of this book.
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