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In this lecture, we will continue studying concentration inequalities and introduce some fundamental
high-dimensional phenomena. For a random vector X = (X1, . . . , Xn) with independent n components, the
previous lecture shows how to control 〈a,X〉 for a given nonrandom vector a.

As before, we use c or C to denote a positive absolute constant.

1 Examples of concentration inequalities

Let us first recall concentration inequalities we learned in the previous lecture by looking at some examples.

Random graphs. The Erdös-Rényi graph G ∼ G(n, p) is a random graph with n vertrices where we
randomly draw an edge between vertex i and j with probability p. In other words, for 1 ≤ i < j ≤ n, we
have an independent Bernoulli random variable Aij ∼ Bern(p). The degree of vertex i is

di =
∑
j 6=i

Aij .

The expected degree for each i is E[di] = (n− 1)p, and we denote d = (n− 1)p.

Proposition 1 (Dense graphs have concentrated degrees). There is an absolute constant C such that the
following holds. Suppose the expected degree satisfies d ≥ C(log n)2. Then, with probability1 at least 0.9 all
degrees of G are between 0.9d and 1.1d.

We can replace the constant number 0.9 to 0.99, and 0.9d and 1.1d closer to d (e.g., 0.99d, 1.01d). The
same conclusion holds with a larger constant C.

Proof. To prove this inequality, we apply Bernstein’s inequality for bounded random variables (Hoeffding’s
inequality is too crude): for any i,

P
(∣∣di − d| ≥ C1(σ +M)

δ

)
≤ 2 exp

(
−min

(
1

δ
,

1

δ2

))
, for any δ > 0, (1)

where C1 is certain constant, σ = (Var(di))
1/2 and M ≤ 1 is a simple upper bound on |Aij − E[Aij ]|. Note

σ = ((n− 1)p(1− p))1/2 ≤ d1/2. We pick δ = (a log n)−1 where a > 1 to get

P

(∣∣di − d| ≥ C1(
√
d + 1)

δ

)
≤ 2 exp

(
−min

(
1

δ
,

1

δ2

))
= 2n−min(a,a2) = 2n−a,

1Informally, people just say “with high probability”.
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Note C1

√
d+1
δ = O(

√
d log n). Thus, under the assumption d ≥ C(log n)2 for a large C, we have C1

√
d+1
δ ≤

0.1d. Thus, by the union bound,

P
(
∃ i,

∣∣di − d| ≥ 0.1d
)
≤

n∑
i=1

P
(∣∣di − d| ≥ C1(σ +M)

δ

)
≤ 2n1−a

The right-hand side is smaller than 0.9 for sufficiently large n.

It turns out that Bernstein’s inequality is still a bit crude. By applying (multiplicative) Chenoff’s in-
equality, we can replace (log n)2 by log n in the statement of Proposition (1). See [2][Prop. 2.4.1] for details.

Covariance matrix. Let y1, . . . , yn
i.i.d.∼ Y ∈ Rd be i.i.d. random vectors with zero mean and subgaussian

components, namely EY = 0 and max1≤j≤d ‖Yj‖ψ2 ≤ K. The covariance matrix of Y exists (why?) and is
denoted by Σ = Cov(Y ) which is a d× d matrix. The empirical covariance matrix is

Σ̂ =
1

n

n∑
i=1

yiy
>
i

We can apply Bernstein’s inequality to bound the estimation error under the max norm:

∥∥Σ̂− Σ
∥∥
max

:= max
1≤j,m≤d

∣∣Σ̂− Σ
∣∣
j,m

= max
1≤j,m≤d

∣∣∣ 1
n

n∑
i=1

(
[yi]j [yi]m − E[[yi]j [yi]m]

)∣∣∣ .
Each summand is an independent subexponential random variable, so Bernstein’s inequality yields

P
(

[Σ̂− Σ]jm ≥ tK
)
≤ 2 exp

(
−cnmin(t2, t)

)
.

We choose t = C
√

(log d)/n with a sufficiently large C ≥ 1 so that cnt2 ≥ 4 log d. By assumption t ≤ 1 so
min(t2, t) = t2. This yields

P

(
[Σ̂− Σ]jm ≥ CK

√
log d

n

)
≤ 2 exp(−4 log d) = 2d−4.

By applying a union bound over the choice of j,m, we get

P

(∥∥Σ̂− Σ
∥∥
max
≥ CK

√
log d

n

)
≤ 2d−2.

Note that by adjusting the constant, we can make the exponent −2 in d−2 smaller (like −10, −100, etc.)

2 Two general concentration inequalities

It is possible to generalize the concentration inequalities beyond a linear combination of independent random
variables. The following result is a classic concentration inequality for general Lipschitz functions, although
it only applies to Gaussian random variables instead of subgaussian random variables.

Theorem 1 (Gaussian concentration inequality). Let X1, X2, . . . Xn
i.i.d.∼ N (0, 1). Let F : Rn → R be an

L-Lipschitz function, i.e., |F (x)− F (y)| ≤ L‖x− y‖. Then

‖F (X1, . . . , Xn)− EF (X1, . . . , Xn)‖ψ2
≤ CL

where C is a constant.
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If we consider the special case F (x) = 〈a, x〉, then F is ‖a‖-Lipschitz. This leads to the same bound as
in Hoeffding’s inequality.

Proof of Theorem 1*. For simplicity, denote X = (X1, . . . , Xn). We also introduce the definition Xθ =
X cos θ + Y sin θ. Using Markov’s inequality and Jensen’s inequality, we obtain

P (F (X)− EF (X) > Lt) ≤ e−λLt E eλ(F (X)−EF (X)) ≤ e−λLt E eλ(F (X)−F (Y )).

Note that
d

dθ
Xθ = −X sin θ + Y cos θ ∼ N(0, In)

for any θ ∈ [0, π/2]. A crucial observation is that d
dθXθ and Xθ are independent, since (Xθ,

d
dθXθ) is

orthogonal transform of X,Y . Denote X ′θ = d
dθXθ.

We use Jensen’s inequality for the integration (viewed as measure integration w.r.t. Unif[0, π/2]) in the
exponentiation and Fubini’s theorem,

E eλ[F (X)−F (Y )] = E exp
(πλ

2

∫ π/2

0

(−X sin θ + Y cos θ)T∇F (Xθ)
2

π
dθ
)

≤ 2

π

∫ π/2

0

E e
πλ
2 (−X sin θ+Y cos θ)T∇F (Xθ)dθ (by Jensen and Fubini)

=
2

π

∫ π/2

0

E e
πλ
2 (X′

θ)
T∇F (Xθ)dθ

=
2

π

∫ π/2

0

Ee
λ2π2‖∇F (Xθ)‖

2

8 dθ (by independence)

≤ eλ
2π2L2

8 . (by Lipschitz assumption)

Choose λ = 4t
π2L , we have

P (F (X)− EF (X) > Lt) ≤ e−
2t2

π2 .

Applying the same argument to −F (X), we can derive that

P (−F (X) + EF (X) > Lt) ≤ e−
2t2

π2 ,

and therefore

P (|F (X)− EF (X)| > Lt) ≤ 2e−
2t2

π2 .

Example 1. Suppose that Y is a matrix of i.i.d. standard normal entries. Let ‖ · ‖ be either the Frobenius
norm or the matrix operator norm. Then,

P
(∣∣‖Y ‖ − E‖Y ‖

∣∣ > t
)
≤ 2e−ct

2

, for all t > 0.

The above inequality follows from Thereom 1 and the observation that |f(Y ) − f(Ỹ )| ≤ f(Y − Ỹ ) with
f(Y ) = ‖Y ‖ (due to triangle inequality in the definition of a norm).

Remarkably, the deviation of ‖Y ‖ to its expectation is O(1), which does not depend on the dimensions
of the matrix Y . As we will learn in the next learning, E‖Y ‖ generally scales with the matrix dimension. In
the special case of vectors Y ∈ Rn, from homework problems we have learned ‖Y ‖ =

√
n+ OP (1) (see also

next section), so indeed ‖Y ‖ “concentrates around its mean.
What if we don’t have Gaussian distributions? Talagrand’s concentration inequality.
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Theorem 2 (Talagrand’s concentration inequality). Suppose that X1, . . . , Xn are independent random vari-
ables satisfying maxi |Xi| ≤ K. Denote X = (X1, . . . , Xn). Let F : Rn → R be an L-Lipschitz function.
Then

P
(
|F (X)− E[F (X)]| ≥ tL

)
≤ C exp

(
− ct2

K2

)
for any t > 0. (2)

See [?, Theorem 2.1.13] for a proof. This theorem says that for a bounded random vector with independent
coordinates, F (X)− E[F (X)] is a subgaussian with norm bounded by O(KL).

In replace of the Gaussian assumption, now we require boundedness assumption. In practice use, for
subgaussian random variables, say, ξ1, . . . , ξn (or other variables with good tail bounds), we can apply
truncation:

Xi = ξi1{|ξi| ≤ τn}

at appropriate threshold τn. For example, choose τn = Cq
√

log n for subgaussian ξi allows us to have
P (Xi = ξi,∀ i) ≥ 1−C ′n−q for any q > 0. Then we may apply Talagrand’s concentration inequality to Xi,
obtain the concentration inequality of F (X), and then argue that |E[F (X)] − E[F (ξ)]| is negligibly small.
This allows us to obtain concentration of F (ξ).

3 Norm of random vectors

Suppose that X = (X1, . . . , Xn) is a random vector where X1, . . . , Xn are independent random variables
with E[Xi] = 0 and Var(Xi) = 1. We are interested in the Euclidean norm ‖X‖. Let’s gather some results
about ‖X‖ we have proved so far.

1. By the LLN and continuous mapping theorem, n−1/2‖X‖ p→ 1 as n→∞.

2. By the CLT and delta method (homework problem), ‖X‖ −
√
n

d→ N(0, 1/2).

3. By Jensen’s inequality, E[‖X‖] ≤
√

E[‖X‖2] =
√
n.

4. If Xi has distribution N(0, 1) or maxi |Xi| ≤ C, then ‖X‖ − E[‖X‖] has subgaussian norm O(1).

Point 1 and 2 suggest that ‖X‖ concentrate around
√
n, but there is no tail probability control. Theorem

3.1.1 of [2] shows the following result.

Theorem 3. Let X = (X1, . . . , Xn) be a random vector where X1, . . . , Xn are independent random variables
with E(X2

i ) = 1 and maxi ‖Xi‖ψ2
≤ K. Then,∥∥‖X‖2 −√n∥∥ψ2

≤ CK2.

Proof. For convenience, we assume K ≥ 1. Let Yi = X2
i − 1. It is possible to show that Yi is subexponential

variable with ‖Yi‖ψ1 ≤ CK2. Applying Bernstein’s inequality,

P

(∣∣∣ 1
n
‖X‖2 − 1

∣∣∣ ≥ u) ≤ 2 exp
(
− cn

K4
min(u, u2)

)
, for all u > 0 (3)

where we used K4 ≥ K2 due to the assumption K ≥ 1. To prove the tail bound for ‖X‖, we use the following
observation:

|z − 1| ≥ δ =⇒ |z2 − 1| ≥ max(δ, δ2), for all δ > 0

Thus we obtain

P

(∣∣∣ 1√
n
‖X‖ − 1

∣∣∣ ≥ δ) ≤ P (∣∣∣ 1
n
‖X‖2 − 1

∣∣∣ ≥ max(δ, δ2)

)
≤ 2

(
− cn

K4
δ2
)
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where we used min(u, u2) ≥ δ2 with u = max(δ, δ2). Changing variables to t = δ
√
n, we therefore obtain

P
(∣∣‖X‖ − √n∣∣ ≥ t) ≤ 2 exp

(
− ct

2

K4

)
for all t ≥ 0.

Uniform spherical random variable. Recall that we introduced the uniform random variable on the
sphere Unif(Sn−1) in the n-dimensional Euclidean space. We use rSn−1 to denote the sphere in Rd with
radius r.

A consequence of Theorem 3 is that N(0, In) are similar to Unif(
√
nSn−1) in high dimensions. In fact,

If G ∼ N(0, In), then
G = UR, where U = G/‖G‖, R = ‖G‖

satisfies U ∼ Unif(Sn−1) and U and R are independent. Since R concentrates around
√
n, the probability

mass of G is mostly around a thin spherical layer of radius
√
n. This is very different from low-dimensional

like the 2D or 3D cases.

Theorem 4 (Uniform spherical distribution is subgaussian). Denote the inner product of vectors by 〈u, v〉 =
u>v. The random vector X ∼ Unif(

√
nSn−1) satisfies

sup
u∈Rn:‖u‖=1

‖〈X,u〉‖ψ2
≤ C . (4)

Namely, projecting X using any unit vector gives a subgaussian random variable with a norm bounded by C.

This result is intuitively true because of the relation

X =
√
n
G

‖G‖

Since ‖G‖ ≈
√
n and 〈G, u〉 ∼ N(0, 1) for any choice of unit vector u, we expect (4) is true.

Proof sketch. A rigorous proof is based on defining a “high probability event”

E =

{
‖G‖ ≥

√
n

2

}
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which satisfies P (Ec) ≤ 2 exp(−cn). So

P (|〈X,u〉| ≥ t) ≤ P
(
〈G, u〉
‖G‖

≥ t√
n

and E
)

+ P (Ec)

≤ P
(
〈G, u〉 ≥ t

2
and E

)
+ 2 exp(−cn)

≤ P
(
〈G, u〉 ≥ t

2

)
+ 2 exp(−cn)

≤ 2 exp(−t2/8) + 2 exp(−cn).

For t ≤
√
n, this above inequality has the desired form. For t >

√
n, the probability is trivially zero since

|〈X,u〉| ≤ ‖X‖ =
√
n.

4 Random projection

If we have a large collection high-dimensional points Q := {xi}i≤N ⊂ Rd, we can reduce dimensionality
if the points are approximately in a low-dimensional subspace. A surprising result states that for an arbi-
trary collection of points, we can randomly map the points to a low-dimensional space while approximately
preserving the pairwise distances.

Theorem 5 (Johnson-Lindenstrauss lemma). Let ε ∈ (0, 1/2). There exists a constant C such that the
following statement is true. Let k ≥ C logN

ε2 be an integer. Then there exists a linear mapping f : Rd → Rk
such that

(1− ε)‖x− y‖2 ≤ ‖f(x)− f(y)‖2 ≤ (1 + ε)‖x− y‖2, for all x, y ∈ Q

This result is useful when d is much larger than O((logN)/ε2).

Proof. Let A be a matrix with independently drawn random variables Aij
i.i.d.∼ N(0, 1). Our goal is to show

P

(
(1− ε)‖u‖2 ≤

∥∥ 1√
k
Au
∥∥2 ≤ (1 + ε)‖u‖2

)
≥ 1− 2 exp

(
−cε2k

)
, for any u ∈ Rd. (5)

Once this is proved, then we apply this inequality to u = x− y for every pair x, y ∈ Q. By the union bound,

P

(
∃ x, y ∈ Q, (1− ε)‖x− y‖2 ≤

∥∥ 1√
k
A(x− y)

∥∥2 ≤ (1 + ε)‖x− y‖2
)
≥ 1− 2N2 exp

(
−cε2k

)
The right-hand side is larger than 1−O(n−2) under our assumption. To show Eqn. 5, we denote z = Au/

√
k.

It is easy to check (exercise) that z is a Gaussian vector N(0, ‖u‖2) with independent coordinate. Thus, our
goal Eqn. 5 is the same as

P
(∣∣‖z‖2 − E[‖z‖2]

∣∣ > ε‖u‖2
)
≥ 1− 2 exp

(
−cε2k

)
.

If u = 0 then the probability is zero so it trivially holds. We can assume without loss of generality that
‖u‖ = 1 since we can always consider rescaling z/‖u‖. By Bernstein’s inequality in Eqn. (3), we get exactly
the above desired inequality.

5 Further reading

Section 2 is taken from Theorem 2.1.12 of [1]. Section 1 and Section 3 are adapted from Chapter 3 of [2].
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