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For convenience, we refer to the Euclidean norm as ‖·‖ and ‖·‖2. As before, we use c or C to denote a
positive absolute constant. We write cK or CK to denote a scalar that depends only on K. In paricular, if K
is a constant, then cK and CK are both constants. We denote by Sn−1 the unit sphere: {x ∈ Rn : ‖x‖ = 1}.

1 Some Linear Algebra

1.1 A recap of singular value decomposition (SVD)

Let A ∈ Rm×n be a m× n-matrix. It has a decomposition A =
∑r
i=1 siuiv

>
i = UΣV >, where r = rank(A),

U = [u1, . . . , ur] ∈ Rm×r orthonormal column vectors, V = [v1, . . . , vr] ∈ Rn×r orthonormal column vectors,
and Σ = diag(σ1, . . . , σr) ∈ Rr×r. We use σ1 ≥ σ2 ≥ · · · ≥ σr > 0 by convention.

Fact 1. σi =
√
λi(AA>) =

√
λi(A>A), i.e., the square root of i-th largest eigenvalue of AA> or A>A; ui

and vi are corresponding eigenvectors of AA> and A>A, respectively. We have A>ui = V ΣU>ui = σivi,.
Similarly Avi = σiui.

Fact 2. If A is symmetric (A = A>), then σi(A) = |λi(A)|.

Fact 3. σ1(A) = maxu:‖u‖=1 ‖Au‖ is called the operator norm of A.

1.2 Matrix norms

There are many different matrix norms we encounter. Here are a few common norms. Let A ∈ Rm×n denote
a generic matrix.

• Frobenius norm ‖A‖F = (
∑
ij A

2
ij)

1/2. Essentially we treat A as a vector of length mn and then use

the Euclidean norm. Frobenius norm can be expressed using singular values ‖A‖F =
∑r
j=1[σj(A)]2.

• Operator norm ‖A‖op = σ1(A). In the functional analysis perspective, we view A as a linear operator
that maps a vector to another vector in the Euclidean space, and the induced norm is the operator
norm. It can be shown that ‖A‖op = maxu:‖u‖2=1 ‖Au‖2.

• Matrix p-norm ‖A‖p = maxu:‖u‖p=1 ‖Au‖p. It generalizes the operator norm p = 2 to more general p;
in fact, it is the induced operator norm for `p spaces.

• Max norm ‖A‖max = maxij |Aij |. Essentially we treat A as a vector of length mn and consider the
usual `∞ norm.

See also Wiki for a comprehensive comparison.
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1.3 Covering and packing number

Definition 1 (ε-net). Let (T, d) be a metric space, then consider a subset K ⊂ T and some ε > 0, then a
subset N ⊂ K is called ε-net of K if every point x in K is within distance ε of some point N , i.e. ∀x ∈ K,
∃x0 ∈ N such that d(x0, x) < ε. In other words, K is covered by balls of radius ε centered at every point in
N .

Definition 2 (covering number). The covering number N (K, d, ε) of ε-net over K is the number of points
in the smallest (i.e. contains least points) ε-net of K, i.e., the least number of points that are needed to cover
K with ε-balls among all possible ε-nets.

Proposition 1. Covering number of Euclidean unit ball Bn2 = {x ∈ Rn | ‖x‖2 ≤ 1} in Rn. ( 1
ε )n ≤

N (Bn2 , dL2 , ε) ≤ (1 + 2
ε )n for ∀ε ∈ [0, 1], here dL2 is the L2-distance (Euclidean distance).

This result is proved by a volume argument. See Chap. 4.2 of [2] for more details.

Lemma 1. ∀ε ∈ (0, 1), N is an ε-net of unit sphere Sn−1, then

sup
x∈N
‖Ax‖2 ≤ ‖A‖ ≤

1

1− ε
sup
x∈N
‖Ax‖2 .

If in addition there is an ε-net M of Sm−1, then

sup
x∈N ,y∈M

〈Ax, y〉 ≤ ‖A‖ ≤ 1

1− 2ε
· sup
x∈N ,y∈M

〈Ax, y〉 .

Proof. ∀x ∈ Sn−1, we find x0 ∈ N s.t. ‖x− x0‖ ≤ ε. Pick x to be the top singular vector v1, then we have

‖Ax−Ax0‖ ≤ ‖A‖ · ‖x− x0‖ ≤ ε ‖A‖ ,

‖Ax0‖ ≥ ‖Ax‖ − ‖Ax−Ax0‖ ≥ ‖A‖ − ε ‖A‖ ,

‖A‖ ≤ 1

1− ε
‖Ax‖ .

In addition we pick y ∈ Sn−1 such that 〈Ax, y〉 = ‖Ax‖2 = ‖A‖2. Then take y0 ∈ M such that
‖y − y0‖ ≤ ε. By 〈Ax, y〉 − 〈Ax0, y0〉 = 〈Ax, y − y0〉+ 〈A(x− x0), y0〉, we follow the above steps and get the
desired result.

Remark 1. This lemma says that if we don’t care about the factor (usually 1/(1 − ε) is a constant), then
the operator norm ‖A‖ = sup‖u‖=2 ‖Au‖ is approximately the same as a discretized version.

2 Operator Norm of Subgaussian Random Matrix

The goal of the section is the following: Show

‖A‖ ≤ C(
√
m+

√
n),

if Aij is independent subgaussian variable with high probability, where C > 0 is an absolute constant as
usual.

We sometimes say A ∈ Rm×n has independent subgaussian entries if all the entries (Aij) are jointly
independent, EAij = 0, and subgaussian.

Theorem 1. Let A ∈ Rm×n have independent subgaussian entries. K = maxi,j ‖Aij‖ψ2
. For any t > 0,

Then ‖A‖ ≤ CK(
√
m+

√
n+ t) with probability at least 1− 2e−t

2

for certain constant C.
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We need the following lemma, which is in fact an equivalent form of Hoeffding’s inequality.

Lemma 2. Let X1, . . . , Xn be independent subgaussian random variables with EXi = 0, then
∑n
i=1Xi is

also subgaussian with ∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥
2

ψ2

≤ C
n∑
i=1

‖Xi‖2ψ2
.

Proof of Theorem 1. Pick ε = 1
4 , letN ,M be ε-net of Sn−1, Sm−1 respectively such that |N | < 9n, |M| < 9m.

(Note: Sn−1 is the unit sphere: {x ∈ Rn | ‖x‖ = 1}.) We can check from Lemma 1 that

‖A‖ ≤ 2 max
x∈N ,y∈M

〈Ax, y〉 ,

where 〈·, ·〉 is the inner production notation (namely 〈z, w〉 = z>w). Now we will have to control 〈Ax, y〉 for
each x ∈ N , y ∈M with the following lemma. Now apply Lemma 2 to 〈Ax, y〉 and we have

‖〈Ax, y〉‖2ψ2
=
∥∥∥∑
i,j

Ai,jxjyi

∥∥∥2
ψ2

≤ CK
∑
i,j

x2jy
2
i = CK ‖x‖2 ‖y‖2 = CK.

So by the tail bound (namely an equivalent definition of subgaussian variables), P(〈Ax, y〉 ≥ u) ≤ 2e−cu
2/K2

for any u > 0. Now we unfix x and y using the union bound inequality P(∪kBk) ≤ ∪kP(Bk), we find

P(max
x,y
〈Ax, y〉 ≥ u) ≤

∑
x,y

P(〈Ax, y〉 ≥ u) ≤ 9n+m · 2e−cu
2/k2 .

If we pick u = CK(
√
n+
√
m+ t) with large enough C such that cu2/K2 ≥ 3(n+m) + t2. Thus

P
(

max
x,y
〈Ax, y〉 ≥ u

)
≤ 9n+m2e−3(n+m)−t2 ≤ 2e−t

2

.

This leads to P(‖A‖ ≥ 2u) ≤ 2e−t
2

.

Remark 2 (Some heuristics about singular value magnitude). This theorem shows ‖A‖ is roughly of order√
m +

√
n with high probability. Assume n ≥ m without loss of generality (we can consider A> otherwise),

this means that σ1(A) is of order
√
nσ.

Assuming σ2 = EA2
ij, we expect ‖A‖2F to be close to its mean, that is,

‖A‖2F =
∑
i,j

A2
ij

p→ nm · σ2, as n→∞

Since ‖A‖2F =
∑m
j=1[σj(A)]2, we have 1

m

∑m
k=1 σ

2
k(A)

P→ nσ2. This means an average singular value is of

order
√
nσ with high probability. So the largest singular value is the same magnitude as average singular

value.
If fact, as long as n > (1 + η)m for some constant η > 0, all singular values of A are on the same

magnitude
√
nσ.

3 Statistical application: Covariance estimation

Suppose X1, . . . , Xn are i.i.d. random vectors with EX0 = 0 and Cov(X0) = Σ exists. By Law of Large
Numbers, with dimension m being fixed, we have

1

n

n∑
i=1

XiX
>
i

p−→ Σ as n→∞.

What is the property of the empirical covariance matrix n−1
∑n
i=1XiX

>
i without assuming an asymptotic

regime? The following theorem gives us an estimation error bound involving m.
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Theorem 2. Assume that X0 ∈ Rp is a subgaussian random vector, namely supu∈Sn−1 ‖〈X0, u〉‖ψ2
≤ K.

Suppose that X1, . . . , Xn are i.i.d. copies of X0 and X = [X1, . . . , Xn]T ∈ Rn×p. Then for every t ≥ 0, with

probability at least 1− 2e−cKt
2

,∥∥∥∥ 1

n
X>X − Σ

∥∥∥∥ ≤ max{δ, δ2} ‖Σ‖ where δ = CK

√
p

n
+

t√
n
. (1)

Proof. Without loss of generality Σ = Ip (consider X̃i = Σ−1/2Xi otherwise), we take 1
4 -net N of Sp−1 with

|N | ≤ 9p.
For fixed unit vector u, by the assumption ‖〈Xi, u〉‖ψ2

≤ K. Note that

1

n
‖Xu‖2 − 1 =

1

n

n∑
i=1

(
〈Xi, u〉2 − 1

)
so 1

n ‖Xu‖
2− 1 is the average of n subexponential variables. By Bernstein’s inequality, we have that for any

u ∈ N (exercise),

P

(∣∣ 1
n
‖Xu‖2 − 1

∣∣ > 1

2
max{δ, δ2}

)
≤ 2 exp(−cKnδ2)

By the union bound, we have

P
(

max
u∈N
| 1
n
‖Xu‖2 − 1| ≥ ε

2

)
≤ 9p ·P

(
| 1
n
‖Xu‖2 − 1| ≥ ε

2

)
.

By Lemma ??, ∥∥∥∥ 1

n
XXT − Σ

∥∥∥∥ ≤ 2 max
u∈N

( 1

n
〈X,u〉2 − 1

)
so

P

(∥∥∥∥ 1

n
XXT − Σ

∥∥∥∥ > ε

)
≤ P

(
2 max
u∈N

( 1

n
〈X,u〉2 − 1

)
>
ε

2

)
≤ 9p ·P

(
| 1
n
‖Xu‖2 − 1| ≥ ε

2

)
Choosing ε = max{δ, δ2} with appropriate CK leads to the upper bound in (1).

Examples of subgaussian random vectors. A random vector is subgaussian iff 〈X,u〉 is subgaussian
for all unit vector u. Some examples of subgaussian vectors:

1. X ∼ N(0, In);

2. X ∼ Unif({±1}n);

3. X ∼ Unif(
√
n Sn−1).

The first two distributions satisfy the subgaussian definition because they are product measures and Hoeffd-
ing’s inequality. As explained in the previous lecture, the third distribution is not a product measure, but it
is approximately a product measure, because if X ∼ Unif(

√
nSn−1) then

X
d
=
√
n

G

‖G‖
, where G ∼ N(0, In),

and ‖G‖ concentrates around
√
n.
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3.1 Discussion: Effects of dimensions

For simplicity, we assume µ = 0. Denote X = [X1, X2, ..., Xn]T ∈ Rn×p, and then empirical covariance is

given by Σ̂ = 1
nX

TX = 1
n

n∑
i=1

XiX
T
i . Classical theory says that if p is fixed, then Σ̂

p→ Σ as n → ∞. To

understand how dimension p affects estimation consistency, below we treat p as an arbitrary number.
Recall ‖A‖F = (

∑
i,j A

2
ij)

1/2, we start with some simple calculations:

E
[ ∥∥∥Σ̂− Σ

∥∥∥2
F

]
=

1

n

p∑
j,k=1

Var
(
(Xi)j(Xi)k

)
≤ Cp2

n
.

In particular, this upper bound cannot be improved for simple cases like Xi ∼ N (0, Ip). Since
∥∥∥Σ̂− Σ

∥∥∥2
F

=∑
j≤p[σj(Σ̂− Σ)]2 where σj denotes the j-th singular value, the above upper bound is equivalent to

E

1

p

p∑
j=1

[
σj(Σ̂− Σ)

]2 ≤ Cp

n
.

The part inside the expectation is the expected average squared singular value. By Theorem 2,
∥∥∥Σ̂− Σ

∥∥∥ =

σ1(Σ̂− Σ) ≤
√

Cp
n w.h.p. Thus, our bound on

∥∥∥Σ̂− Σ
∥∥∥ cannot be improved in general.

Inconsistency of covariance estimation. As before, in order to study the asymptotic behavior, let us
imagine there is a limiting process where we collect more and more data, and the dimension pn depends on
n. We emphasize the dependency on n and write Σn and Σ̂n.

We have the following conclusions:

• if pn/n→ 0, then
∥∥∥Σ̂n − Σn

∥∥∥ p→ 0. (consistency under operator norm)

• if pn/n → c > 0, assuming X has jointly independent entries and Tr(Σ) = pn, then for certain

c′ > 0, lim inf
n→∞

E
[∥∥∥Σ̂n − Σn

∥∥∥2] ≥ c′. As a consequence, we cannot have
∥∥∥Σ̂n − Σn

∥∥∥ p→ 0 (exercise),

(inconsistent under operator norm)

Moreover, consider a more ‘extreme’ scenario where the dimension is larger than the sample size, then we
actually have a deterministic result

• If p > n, then rank(Σ̂) ≤ n (why?), which means that Σ̂ is singular. Thus the following always holds∥∥∥Σ̂n − Σn

∥∥∥ ≥ min
M : rank(M)≤n

‖M − Σn‖ = σn+1(Σn).

Remark 3. For the second bullet point, we actually have a stronger result for many distributions: there

exists a constant C0 > 0 such that P(
∥∥∥Σ̂n − Σ

∥∥∥ ≥ C0)→ 1.

Remark 4. Usually, pn/n → 0 is often considered “low-dimensional” regime where consistency generally
holds under regularity conditions. In particular, pn ≡ p is the classical “fixed-dimensional” or “large-sample”
regime where the LLN and the CLT are valid.

In contrast, pn/n→ c > 0 is “high-dimensional” regime where new phenomena exist.

The obstacles posed by high dimensionality can be overcome if we know additional structure. For example,
if we know Σn is a sparse matrix, meaning that it contains only a few nonzero entries, then we can recover
consistency by denoising the empirical covariance matrix [1]. Developing regularized methods is very typical
of high-dimensional statistical research, as we will see later in this course.
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4 Gordon’s theorem*

If the distribution is standard normal instead of the general subgaussian assumption, then we have a rather
accurate result on the expected extreme singular values. Let σmin(A) denote the smallest singular value of
a matrix A.

Theorem 3 (Gordon’s theorem). Let A = (Aij) ∈ Rn×p be a random matrix with entries Aij
i.i.d.∼ N (0, 1),

then √
n−√p ≤ Eσmin(A) ≤ Eσmax(A) ≤

√
n+
√
p.

Recall that we use ‖A‖op or ‖A‖ to denote the operator norm of a matrix A.

Proposition 2. Under the above assumptions, for any t > 0, with probability at least 1−2e−ct
2

where c > 0
is a constant,

|σmax(A)− Eσmax(A)| ≤ t.

Proof of Proposition 2. Viewing σmax(A) as a function F of np Gaussian random variables, i.e.

F (A11, A12, ..., Anp) := σmax(A).

Let Ã = (Ãij) be any matrix, then

‖A‖ = max
u∈Sp−1

‖Au‖ ≤ max
u∈Sp−1

[∥∥∥Au− Ãu∥∥∥+
∥∥∥Ãu∥∥∥] (by triangle inequality)

≤ max
u∈Sp−1

[∥∥∥A− Ã∥∥∥+
∥∥∥Ã∥∥∥] (by definition of operator norm)

=
∥∥∥A− Ã∥∥∥+

∥∥∥Ã∥∥∥ .
Similarly, we can prove ∥∥∥Ã∥∥∥ ≤ ∥∥∥A− Ã∥∥∥+ ‖A‖ .

Thus, we derive the Lipschitz property of F :∣∣∣F (Ã)− F (A)
∣∣∣ ≤ ∥∥∥Ã−A∥∥∥ ≤ ∥∥∥Ã−A∥∥∥

F
.

By the Gaussian concentration inequality in the previous lecture, we obtain

‖σmax(A)− Eσmax(A)‖ψ2
≤ C.

By adjusting the constants, we get the claimed result.

Following a similar strategy, we can prove a similar bound where σmax is replaced by σmin (exercise).
Combining the two results, we get the following corollary.

Corollary 1. Under the previous assumptions, for any t > 0, with probability at least 1− 2e−ct
2

,

√
n−√p− t ≤ σmin(A) ≤ σmax(A) ≤

√
n+
√
p+ t.

Remark 5.
√
n±√p is actually the right edge. We cannot improve much on this lower/upper bounds.

5 Further reading

This lecture note is adapted mostly from Chapter 4 of [2]. Section 4 is taken from Chapter 7.3 of the same
book.
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