
STAT 709 Mathematical Statistics Lecture 17 - Nov/23th/2024

Lecture 17: High-dimensional statistical phenomena
Lecturer: Yiqiao Zhong

Last update: 15:07, 2024-12-09

Disclaimer: materials in this pdf are used for STAT 709 “Mathematical Statistics” at the University of
Wisconsin–Madison, but they are not guaranteed to be accurate. Consult textbooks whenever possible.

For convenience, we refer to the Euclidean norm as ∥·∥ and ∥·∥2. As before, we use c or C to denote a
positive absolute constant. We write cK or CK to denote a scalar that depends only on K. In paricular, if K
is a constant, then cK and CK are both constants. We denote by Sn−1 the unit sphere: {x ∈ Rn : ∥x∥ = 1}.
The abbreviation psd means positive semidefinite.

1 Principal component analysis
In this section, we examine a classical statistical method, principal component analysis (PCA), from a
theoretical perspective. We will focus mostly on estimation consistency.

Suppose that x1, . . . , xn
i.i.d.∼ X0 are our observed data where E[X0] = 0 and the second moments of X

exist. Denote Σ = Cov(X0). Let the eigen-decomposition of Σ be

Σ =

p∑
j=1

λjuju
⊤
j

where λ1 ≥ λ2 ≥ ... ≥ λp ≥ 0 are in descending order by convention, and u1, u2, ...up ∈ Rp form an
orthogonal basis. We form the empirical covariance1 Σ̂ and performing eigen-decomposition correspondingly

Σ̂ =
1

n

n∑
i=1

xix
⊤
i , Σ̂ =

p∑
j=1

λ̂j ûj û
⊤
j

where λ̂1 ≥ λ̂2 ≥ ... ≥ λ̂p ≥ 0 are in descending order by convention, and û1, û2, ...ûp ∈ Rp form an
orthogonal basis. By definition, u1, u2, ...up and û1, û2, ...ûp are all unit vectors.

The vector u1 is called the 1st population principal direction, and x⊤
1 u1, x

⊤
2 u1, ...x

⊤
n u1 called the 1st

population principal components. Similarly, the vector û1 is called the 1st (empirical) principal direction, and
x⊤
1 û1, x

⊤
2 u1, ...x

⊤
n u1 called the 1st (empirical) principal components. PCA is useful for dimension reduction,

visualization, clustering, etc.

1.1 Fixed dimension
In the classical regime, the dimension p is fixed, and PCA generally yields consistent estimators. We will
prove a simple consistency result.

Theorem 1 (Consistency of PCA in fixed dimension). Suppose that λ1 > λ2. Then as n → ∞, we have

max
k≤p

|λ̂k − λk|
p−→ 0, min

s∈{±1}

∥∥sû1 − u1

∥∥
2

p−→ 0 .

1For convenience, we assumed zero mean, so we do not need to center each observation by xi − x̄i
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Remark 1. First, recall that eigenvectors are not unique for an eigenvalue: any u = tu1 solves Σu = λ1u,
so both u1 and −u1 are unit top eigenvectors corresponding to λ1. This is why in the theorem statement,
we have the freedom to choose a sign s ∈ {±1} when measuring the estimation error of the top principal
direction2. Sometimes this flexibility of choosing a sign is called “up to sign”.

Second, if we don’t assume λ1 > λ2, then the first eigenvalue may have multiplicity more than 1:
λ1 = λ2 = · · · = λk. In this case, any unit vector u = [u1, . . . , uk]R with an orthogonal matrix R ∈ O(k)
is a top eigenvector, namely Σu = λ1u. In this case, we need to study the consistency of the top eigenspace
span{u1, . . . , uk} under an appropriate distance for subspaces.

Proof. By the LLN, we have
Σ̂

p−→ Σ

By Weyl’s inequality,
max
k≤p

|λ̂k − λk| ≤ ∥Σ̂− Σ∥op,

so ∥Σ̂ − Σ∥op
p→ 0 implies maxk≤p |λ̂k − λk|

p→ 0. We can prove the consistency of the top eigenvector in a
similar fashion, by using a well-known perturbation perturbation bound as stated below.

Theorem 2 (Davis-Kahan Sin-Θ Theorem: simple version). Let u1, ũ1 be the first eigenvectors of two psd
matrices Σ, Σ̃ ∈ Rp respectively normalized such that ∥u1∥2 = ∥ũ1∥2 = 1. Then, assuming λ1 > λ2, we have
the following deterministic result

min
s∈{±1}

∥sũ1 − u1∥2 ≤
2
√
2
∥∥∥Σ̃− Σ

∥∥∥
op

λ1 − λ2
.

Proof. If λ1 − λ2 < 2∥Σ̃− Σ∥op, then we have trivial bound

LHS ≤
√
2 ≤

√
2 · 2∥Σ̃− Σ∥op

λ1 − λ2
= RHS.

In the proof below, we assume λ1−λ2 ≥ 2∥Σ̃−Σ∥op. Denote the normalized eigenvectors of Σ by u1, u2, . . . , up
so that U = [u1, u2, . . . , up] is an orthogonal matrix. As usual, we write ⟨u, v⟩ = u⊤v for vectors u, v.

We pick s0 ∈ {±1} so that s0 = 1 if ⟨ũ1, u1⟩ ≥ 0 and s0 = −1 otherwise. Observe

min
s∈{±1}

∥sũ1 − u1∥2 ≤ ∥s0ũ1 − u1∥2 =
√
2− 2⟨s0ũ1, u1⟩

≤
√

2− 2⟨s0ũ1, u1⟩ ·
√
1 + ⟨s0ũ1, u1⟩

=
√
2
√

1− ⟨s0ũ1, u1⟩2

=
√
2
√

1− ⟨ũ1, u1⟩2 .

Since ũ1 is unit vector and U is an orthogonal matrix,

1 = ∥ũ1∥22 =
∥∥U⊤ũ1

∥∥2
2
= ⟨u1, ũ1⟩2 +

p∑
k=2

⟨uk, ũ1⟩2.

It suffices to show ∑
k>1

⟨uk, ũ1⟩2 ≤
4
∥∥∥Σ̃− Σ

∥∥∥2
op

(λ1 − λ2)2

2If we consider the equivalence classes in Sp−1 with u ∼ −u, then we have consistency under an ℓ2 norm for the equivalent
classes ∥[û1]− [u1]∥2

p→ 0.
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By the definition of eigenvectors.

Σ̃ũ1 = λ̃1ũ1

Σuk = λkuk, for any k.

It follows that

⟨uk, Σ̃ũ1⟩ = λ̃1⟨uk, ũ1⟩
⟨ũ1,Σuk⟩ = λk⟨uk, ũ1⟩ for any k.

Since Σ̃ and Σ are symmetric, taking the difference we find

⟨uk, (Σ̃− Σ)ũ1⟩ = (λ̃1 − λk)⟨uk, ũ1⟩. (1)

By Weyl’s inequality, λ̃1 − λ1 ≥ −∥Σ̃− Σ∥op, so for k > 1

λ̃1 − λk ≥ λ̃1 − λ2 ≥ λ1 − λ2 − ∥Σ̃− Σ∥op ≥ 1

2
(λ1 − λ2) (2)

where we used λ1 − λ2 ≥ 2∥Σ̃− Σ∥op. Thus, using the inequality in (2) for (1), we have

∑
k>1

⟨uk, ũ1⟩2 ≤
∑
k>1

⟨uk, (Σ̃− Σ)ũ1⟩2

(λ̃1 − λk)2
≤

4
∥∥∥(Σ̃− Σ)ũ1

∥∥∥2
2

(λ1 − λ2)2
≤

4
∥∥∥(Σ̃− Σ)

∥∥∥2
op

(λ̃1 − λ2)2

In the above derivation, we used basic inequalities

∑
k>1

⟨uk, v⟩2 ≤
p∑
k=1

⟨uk, v⟩2 = ∥v∥22

for any vector v and ∥Av∥2 ≤ ∥A∥op.

1.2 Growing dimension
Now, we consider the scenario where p is allowed to grow with n. Let us write p = pn and Σ = Σn to
emphasize the dependence on n. We need certain assumptions on the tail behavior of X0. For simplicity,
assume that X0 ∼ N(0,Σn), although it is possible to relax to subgaussian random vectors.

We should note that when pn grows, the covariance matrix has pn number of eigenvalues. We usually
impose additional structure on Σn to facilitate theoretical analysis. One common structure is the spiked
model:

Σn = (λ1 − λ2)u1u
⊤
1 + λ2Ipn (3)

Under this assumption, the eigenvalues of Σn are λ1 and λ2 with multiplicity p− 1. To measure consistency,
we use the usual Euclidean norm. Note

1

2
min

s∈{±1}
∥sû1 − u1∥22 = 1− |⟨û1, u1⟩| .

Inconsistency of PCA in high dimensions. We adopt the asymptotic view as before. We have

Theorem 3. Assume ∥Σn∥op ≤ C and λ1(Σn) − λ2(Σn) ≥ κ > 0 holds for certain constants C and κ
independent of n. Suppose that pn/n → γ where γ ∈ [0,∞) is a constant.
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• if γ = 0, then
min

s∈{±1}
∥sû1 − u1∥2

p−→ 0 as n → ∞. (consistency of PCA)

• if γ > 0, then under the spiked model assumption (3), we have |⟨û1, u1⟩|
p→ ηγ where ηγ < 1. Moreover,

there exists some threshold γ∗ such that ηγ = 0 if γ > γ∗, namely [5]

|⟨û1, u1⟩|
p→ 0, (inconsistency of PCA)

In other words, principal direction and population principal direction are almost orthogonal in high
dimensions.

The first part of the theorem is a consequecne of Theorem 2 in the previous lecture, which implies the
following inequality holds with probability 1− 2e−cp,

∥Σ̂n − Σn∥op ≤ C ′ max
{√ p

n
,
p

n

}
∥Σ∥op

for certain constant C. Combining this bound with Davis-Kahan’s inequality, we get the consistency of û1

up to sign.

1.3 Phase transition phenomenon of PCA*
We present the precise version of the result about inconsistency of PCA from the paper [5]. Consider the
spiked covariance model: let X = [x1, ..., xn]

⊤ ∈ Rn×p, xi =
√
θξiu + gi, where ξi ∼ N (0, 1), gi ∼ N (0, Ip);

u ∈ Sp−1, are (ξi, gi) jointly independent. Equivalently, we assume xi ∼ N (0, θuu⊤ + Ip).
Using earlier notation, Σ = θuu⊤+Ip and the eigengap is λ1−λ2 = θ. We can interpret

√
θu as “signal”,

and gi as noise.

Theorem 4. Denote Σ̂ = X⊤X
n , and assume pn

n → γ ∈ (0, 1). Then as n → ∞,

λ1(Σ̂)
a.s.−→

(θ + 1)(1 +
γ

θ
) if θ >

√
γ

(1 +
√
γ)2 if θ ≤ √

γ.

|⟨û1(Σ̂), u⟩|2
a.s.−→


1− γ

θ2

1 + γ
θ2

if θ >
√
γ

0 if θ ≤ √
γ.

2 Linear regression in high dimensions
Consider the linear regression with observations (xi, yi) where xi ∈ Rp and i = 1, 2, . . . , n. As usual, we
posit a linear relationship between xi and yi up to some error term:

yi = x⊤
i β + εi, i = 1, 2, . . . , n.

Denote X = [x1, . . . , xn]
⊤ ∈ Rn×p, y = (y1, . . . , yn)

⊤ ∈ Rn, and ε = (ε1, . . . , εn)
⊤ ∈ Rn. Recall that the

least square estimator is given by
β̂ = (X⊤X)−1X⊤y

For any new input vector x0, we make prediction based on β̂:

f̂(x0) = x⊤
0 β̂.
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Figure 1: Prediction error vs. model complexity. Left plot: the classical bias-variance tradeoff. Right plot: as we
keep increasing model sizes, implicit algorithmic regularization produces small errors. Often the error spikes at the
interpolation threshold.

Our goal is to understand the prediction curve—especially the “double descent phenomenon” in Figure 1—a
bit better by deriving theoretical results under reasonable assumptions.

We will partially explain the picture, with a focus on understanding the spike. We will consider four
regimes depending on the dimensionality, which is a measure of model complexity for linear models.

1. Low dimensions: pn/n → 0. The ordinary least square (OLS) estimator has zero bias, and the
variance linearly scales with pn.

2. High dimensions before the spike: pn/n → c ∈ (0, 1). The OLS estimator still has zero bias, but
its variance acceleratingly increases as c gets closer to 1.

3. High dimensions after the spike: pn/n → c ∈ (1,∞). The min-norm estimator (aka ridgeless
regression solution) has both bias and variance, and they acceleratingly decrease as c goes up.

4. Very high dimensions: pn/n → ∞. The bias of the OLS estimator generally increases in pn, and
the variance scales inversely with pn.

Regime 1: Low dimensions. We will assume that the error term has finite second moments, with
E εi = 0 and Var(εi) = σ2. Also, we assume that xi and εi are independent. Notice that this independent
assumption covers the “fixed design” case where xi is a deterministic vector, because a deterministic vector
is always independent with any random vector.

Let us derive the associated estimator error E[∥β̂ − β∥2|X] and its prediction error E[(x⊤
0 β̂ − x⊤

0 β)
2|X].

Note that
β̂ = (X⊤X)−1X⊤(Xβ + ε) = β + (X⊤X)−1X⊤ε.

Therefore, we have

E[∥β̂ − β∥2|X] = E[Tr((X⊤X)−1X⊤εε⊤X(X⊤X)−1)|X]

= Tr(E[(X⊤X)−1X⊤εε⊤X(X⊤X)−1|X])

= Tr((X⊤X)−1X⊤σ2InX(X⊤X)−1)

= σ2Tr((X⊤X)−1).
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where in the first equality we used the identity ∥u∥2 = Tr(uu⊤) for any (column) vector u. From a similar
calculation, we obtain

E[(x⊤
0 β̂ − x⊤

0 β)
2|X] = σ2x⊤

0 (X
⊤X)−1x0.

Recall that, for random variables (Zn)n≥1, we write Zn = (1 + oP (1))En if Zn − En = oP (En).

Proposition 1. Suppose that x0, x1, . . . , xn
i.i.d.∼ N(0, Ip). Also, suppose p = pn depends on n and pn/n =

o(1) as n → ∞. We have

E[∥β̂ − β∥2|X] = (1 + oP (1)) ·
σ2pn
n

, E[(x⊤
0 β̂ − x⊤

0 β)
2|X] = (1 + oP (1)) ·

σ2pn
n

, as n → ∞.

Remark 2. This result shows that the prediction mean square error (MSE) of f̂(x0) increases approximately
linear in dimension pn. Since the least square estimator is unbiased, the MSE is purely due to the variance.

Proof. We use “with high probability” or “w.h.p.” to mean the statement holds with probability 1− o(1) as
n → ∞. As usual, we use Σ̂ to denote the empirical covariance matrix X⊤X/n. By the concentration of
covariance matrix derived in the previous section, we know w.h.p., for certain constant C,

max
j≤p

∣∣λj(Σ̂)− 1
∣∣ = ∥Σ̂− Ip∥op ≤ C

√
p/n.

Since the RHS converges to 0, we must have

max
j≤p

∣∣1/λj(Σ̂)− 1
∣∣ = ∥Σ̂−1 − Ip∥op ≤ C

√
p/n.

Thus we can find a constant C > 0 such that

1− C
√

pn/n ≤ λj((X
⊤X/n)−1) ≤ 1 + C

√
pn/n

for any j = 1, . . . , pn with high probability. Thus,

pn
n

− pn
n
C

√
pn
n

≤ Tr((X⊤X)−1) =
1

n
Tr((X⊤X/n)−1) =

1

n

pn∑
j=1

λj((X
⊤X/n)−1) ≤ pn

n
+

pn
n
C

√
pn
n

with high probability, which shows that

E[∥β̂ − β∥2|X] = σ2Tr((X⊤X)−1) = (1 + oP (1))
σ2pn
n

. (4)

For E[(x⊤
0 β̂ − x⊤

0 β)
2|X], notice that

1

n
∥x0∥2λmin((X

⊤X/n)−1) ≤ x⊤
0 (X

⊤X)−1x0 ≤ 1

n
∥x0∥2λmax((X

⊤X/n)−1).

Then
E[(x⊤

0 β̂ − x⊤
0 β)

2|X] = σ2 E
[
x⊤
0 (X

⊤X)−1x0

]
= Tr((X⊤X)−1 E[x0x

⊤
0 ]).

Since E[x0x
⊤
0 ] = Ip, we use (4) and derive

E[(x⊤
0 β̂ − x⊤

0 β)
2|X] = (1 + oP (1))

σ2p

n
.
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Regime 2: high dimensions before the spike. When pn/n → c ∈ (0, 1), we expect the singular values
bound to be tight in Gordon’s theorem: assuming i.i.d. standard normal entries in X,

σmin(X/
√
n) ∼

√
1−

√
pn/n →

√
1−

√
c, σmax(X/

√
n) ∼

√
1 +

√
pn/n →

√
1 +

√
c.

Put differently, the eigenvalues of X⊤X/n indeed expand the interval [(1−
√
c)2, (1 +

√
c)2]. This is known

as the Marchenko–Pastur (MP) distribution. Based on random matrix theory, it is known [4] that almost
surely

E[(x⊤
0 β̂ − x⊤

0 β)
2|X] −→ σ2 c

1− c
, as n → ∞.

Regime 3: high dimensions after the spike. Now consider p > n. In this case, the system of linear
equations y = Xβ can have infinitely many solutions (why?)—each one of them is called an interpolator.
This means that we can find an estimator so that we fit the response variables perfectly; if we interpret
(xi, yi)i≤n as a training dataset, then we can have zero training error.

Among the set of interpolators, sometimes it is meaningful to study minimum-norm interpolator:

minβ∈Rp ∥β∥2
subject to y = Xβ,

(5)

where the norm is the Euclidean norm ∥ · ∥2.

Claim 1. Assume that rank(X) = n. The solution from (5) is unique and is given by

β̂ = X⊤(XX⊤)−1y.

Moreover, β̂ is no longer an unbiased estimator of β, i.e., E β̂ = β is generally false.

Proof. Note that Xβ̂ = XX⊤(XX⊤)−1y = y, so β̂ is a solution to y = Xβ. Let X = UΣV ⊤ be its singular
value decomposition with U,Σ ∈ Rn×n, V ⊤ ∈ Rn×p. Since X is of full rank, Σ is invertible. It is easily seen
that any vector in

L = {u : u = (Ip − V V ⊤)a, a ∈ Rp}

is in the null space of X. Because dim(L) = dim(Null(X)) = p−n, we conclude that any solution to y = Xβ
is

β = β̂ + (Ip − V V ⊤)a.

But β̂ and (Ip − V V ⊤)a are orthogonal,

∥β∥2 = ∥β̂∥2 + ∥(Ip − V V ⊤)a∥2 ≥ ∥β̂∥2.

The RHS can be achieved iff (Ip − V V ⊤)a = 0 iff β = β̂. This shows the uniqueness of min-norm solution.
By the SVD,

β̂ = V Σ−1U⊤y = V V ⊤β + V Σ−1U⊤ε,

E β̂ = V V ⊤β ̸= β.

Roughly speaking, the roles of rows and columns are flipped in this regime. Based on random matrix
theory, it is known [4] that almost surely

E[(x⊤
0 β̂ − x⊤

0 β)
2|X] −→ ∥β∥2(1− 1

c
)︸ ︷︷ ︸

bias2

+σ2 1

c− 1︸ ︷︷ ︸
variance

, as n → ∞.
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Regime 4: very high dimensions. We will show a result about the MSE for the regime pn ≫ n.

Proposition 2. Suppose that x0, x1, . . . , xn
i.i.d.∼ N(0, Ip), and that p = pn depends on n and n/pn = o(1)

as n → ∞. We have rank(X) = n with probability 1− o(1) and

E[∥β̂ − β∥2|X] = (1 + oP (1)) ·
[(
1− n

pn

)
∥β∥2 + σ2n

pn

]
,

E[(x⊤
0 β̂ − x⊤

0 β)
2|X] = (1 + oP (1)) ·

[ (
1− n

pn

)
∥β∥2︸ ︷︷ ︸

bias2

+
σ2n

pn︸︷︷︸
variance

]
,

Remark 3. The result says that the prediction MSE has a bias component (which depends on ∥β∥2) and
a variance component (which depends on σ2). This variance component in the regime pn ≫ n (highly
overparametrized) may be much smaller compared with the earlier regime pn ≪ n. In the literature of
overparametrized models, particularly deep learning theories, this is closely related to the double descent
phenomenon and benign overfitting.
Proof. From the definition we have β̂ − β = (X⊤(XX⊤)−1X − Ip)β + X⊤(XX⊤)−1ε. Denote H =
X⊤(XX⊤)−1X ∈ Rp×p for simplicity. Note that H2 = H, i.e., H is a projection matrix. We have

E[∥β̂ − β∥2|X] = β⊤(H − Ip)
2β + E[ε⊤(XX⊤)−1ε|X]

= β⊤(Ip −H)β + E
[
Tr((XX⊤)−1)εε⊤|X

]
= β⊤(Ip −H)β + σ2 E

[
Tr((XX⊤)−1)

]
.

This is exactly a bias—variance decomposition. We only need to show

β⊤Hβ = (1 + oP (1)) ·
n

p
∥β∥2, E

[
Tr((XX⊤)−1)

]
= (1 + oP (1)) ·

n

p
.

The second equality is easy: in fact, we just need to switch the role of p and n and then apply our proof in (1).
One way to prove the first equality is to use the orthogonal invariance property of standard normal random
vector, namely, XR

d
= X for any orthogonal R ∈ O(p). Hence, we have H = UU⊤ where U ∈ O(p, n) is a

random orthogonal matrix with Haar measure, so

β⊤Hβ = ∥Uβ∥2 = (1 + oP (1)) ·
n

p
.

Similarly, we have

E[(x⊤
0 (β̂ − β))2|X] = E[(β̂ − β)⊤x0x

⊤
0 (β̂ − β)|X]

= E
[
E[(β̂ − β)⊤x0x

⊤
0 (β̂ − β)|X, ε]

]
= E

[
(β̂ − β)⊤ E[x0x

⊤
0 ](β̂ − β)

]
= E[∥β̂ − β∥2|X],

so the same conclusion follows from the previous calculation.

3 Community detection
Let us revisit the problem of community detection. In statistics and machine learning, we often want to infer
community structures of n nodes based on the observed network/graph between the nodes. This problem
is called community detection. To model such community structures, we assume the following statistical
model. Suppose there are n nodes of interest (e.g., people on Facebook, students in a club), and each node
belongs to one of the two communities. Let z∗ ∈ {±1}n represent the unknown membership vector.
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Figure 2: Figure credit: this link.

Stochastic block model. For i ≤ j, there is an edge between node i and j with probability given by

P (Aij = 1) = 1− P (Aij = 0) =

{
pn, if z∗i = z∗j
qn, if z∗i = −z∗j

(6)

where pn > qn. Here (Aij)i≤j are jointly independent (but not identically distributed) Bernoulli random
variables. Intuitively, this model captures the basic structure that the connection probability of two nodes
in the same communities is higher than across the two communities.

For convenience, we will (i) assume pn ≡ p and qn ≡ q are two constants not dependent on n, (ii)
assume ⟨z∗,1n⟩ = 0 namely two communities have equal sizes, and (iii) set Aij = Aji so that A ∈ Rn×n is
a symmetric matrix, usually called the adjacency matrix. We also allowed self-loops3 namely Aii = 1 in
the graph.

From the statistical perspective, we have a parametric family where the unknown parameter z∗ ∈ {±1}n is
a high dimensional vector taking discrete values. The data are a random graph represented by the adjacency
matrix A generated according to the model (6).

Spectral method. Can we use the adjacency matrix A to reveal the hidden community structure, namely
estimating z∗? To convince ourselves that this is plausible, consider the expected version A∗ = EA, and we
find (exercise)

A∗ =
p− q

2
z∗(z∗)⊤ +

p+ q

2
1n1

⊤
n .

Note that the above expression gives exactly the eigendecomposition of A∗: it has only two nonzero eigen-
values λ∗

1 = (p+q)n
2 and λ∗

2 = (p−q)n
2 with corresponding eigenvectors u∗

1 = 1n/
√
n and u∗

2 = z∗/
√
n.

We hope that eigendecomposition of A produces eigenvectors close to u∗
1 and u∗

2. This inspires a natural
algorithm below.

1. Step 1. Calculate the second eigenvector u := u2 of A.

2. Step 1’. Alternatively, if p and q are known, calculate the first eigenvector u of A− p+q
2 1n1

⊤
n .

3In graph theory, simple graphs don’t allow self-loops. But this is only a technical assumption and removing self-loops won’t
change the main results.
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3. Step 2. Form estimator z ∈ {±1}n by discretizing real values to binary values: setting zi = 1 if u ≥ 0
and zi = −1 if u < 0.

This algorithm is known as the (vanilla) spectral method, as it relies on eigen-decomposition to form the
estimator.

3.1 Theoretical guarantee for spectral method
Theorem 5. Consider the above algorithm Step 1 + Step 2 or Step 1’ + Step 2. For any constant ε > 0,
we have

P

(
min

s∈{±1}

1√
n
∥sz − z∗∥2 ≤ ε

)
= 1− o(1), as n → ∞.

Because of the identity
1

n
∥sz − z∗∥22 =

1

n

(
2− 2⟨sz, z∗⟩

)
=

1

n
|{i : szi ̸= z∗i }| ,

the theorem equivalently says that the mismatch ratio between z and z∗ is arbitrarily small as n → ∞ up
to sign.
Remark 4 (identifiability). Our statistical model gives the same joint probability distribution for our ob-
servations if we replace z∗ by −z∗. We have the freedom to label the two communities of nodes by either
−1, 1 or 1,−1. In other words, this model is only identifiable up to sign. So the up to sign in the theorem
statement is a way of resolving the identifiability issue.
Proof. We shall give a proof for Step 1’ + Step 2. The proof for Step 1’ + Step 2 is similar. Denote
Ã = A−A− p+q

2 1n1
⊤
n .

First, we note that we can write A into a sum of two parts A = A1 +A2 where A1 is a upper triangular
matrix and A2 is a lower triangular matrix, namely

A1
ij = Aij1{i ≤ j}, A2

ij = Aij1{i > j}.

Note that A1 has jointly independent entries (since constants are independent with any random variables).
Since Bernoulli random variables are subgaussian, we have maxi,j ∥A1

ij∥ψ2
≤ C. By Theorem 1 from the

previous lecture, with probability at least 1− 2e−n, we have

∥A1 − E[A1]∥op ≤ C
√
n.

We have a similar bound on ∥A2∥op. So together, they imply

∥Ã− E[Ã]∥op = ∥A− E[A]∥op ≤ C
√
n.

holds with probability at least 1 − 2e−n. Since the first (which is the only nonzero) eigenvalue of E[Ã] is
(p− q)n/2, by applying Davis-Kahan’s theorem,

min
s∈{±1}

∥su− u∗
2∥2 ≤ C

√
n

(p− q)n
=

Cp,q√
n
.

Next, to study the discretization step, observe that if a match between szi and z∗i happens, the i-th entry
of the two eigenvectors su and u∗

2 have different signs, and more over |[su− u∗
2]i| ≥ 1/

√
n. Thus,

1√
n
1{szi ̸= z∗i } ≤

∣∣[su− u∗
2]i

∣∣
By squaring the above inequality and summing over i,

1

n
|{i : szi ̸= z∗i }| ≤ ∥su− u∗

2∥22.

This leads to the desired result.
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3.2 Phase transition phenomenon in community detection*
In fact, our spectral algorithm works for much more challenging (sparser) regime with stronger results. We
say that an estimator z achieves exact recovery if

min
s∈{±1}

P (sz = z∗) = 1− o(1), as n → 0.

Exact recovery is a stronger guarantee since it requires the membership of every node is estimated correctly
up to sign, namely ∥sz − z∗∥2 = 0 instead of allowing a small fraction of estimation mismatch. The above
theorem considers vanishing pn and qn instead of constant p and q.
Theorem 6. Suppose that

pn =
a log n

n
, qn =

b log n

n
where a > b > 0 are constants. Then

• If
√
a−

√
b <

√
2, there exists no estimator that achieves exact recovery.

• If
√
a−

√
b >

√
2, the spectral algorithm (Step 1 + Step 2, or Step 1’ + Step 2) achieves exact recovery.

An important matrix operator norm bound is ∥A−A∗∥op ≪ ∥A∗∥op with high probability in the log n/n
regime. This result requires a more delicate analysis compared to the relatively simple operator norm bound
with subgaussian entries.

Comparison with the MLE. In an earlier lecture, we derived the MLE for estimating z∗, which involves
a complicated optimization problem. In comparison, the spectral method is fast, with a complexity of O(n2).

For exact recovery, the MLE cannot do better than the spectral method in our setting. It cannot break
the information limit

√
a−

√
b ∼

√
2 in Theroem 6.

4 Further reading
For the Davis-Kahan perturbation bound, the original reference is [3] and a recent reference is [6]. The
result about high dimensional PCA is from [5]. The double descent phenomenon is popularized by [2], and
a theoretical analysis based on the linear models can be found in [4]. The spectral method for community
detection is analyzed in [1].
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