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We continue introducing basic measure theory in this lecture, and we will see important theorems
that truly make measure theory useful. Here are some useful abbreviations: w.r.t. means with respect
to, a.e. means almost everywhere, DCT means Dominated Convergence Theorem, MCT means Monotone
Convergence Theorem, RN means Radon-Nikodym.

Notations. We denote indicator functions using both 1A(x) and 1{x ∈ A}:

1A(x) = 1{x ∈ A} =

{
1 if x ∈ A
0 if x /∈ A

1 Abstract integration

We generalize Riemann integrals in the following three steps. First, we define the integral of a nonnegative
simple function. As usual, let (Ω,F , ν) be a measure space.

Definition 1. Let k ≥ 1 be an integer , (ai)i≤k be any nonnegative scalars, and A1, . . . , Ak be a partition
of Ω, meaning that these sets are disjoint and Ω = ∪i≤kAi. The integral of a nonnegative simple function

φ(ω) =
k∑

i=1

ai1Ai
(w) w.r.t. ν is defined as

∫
φ dν =

k∑
i=1

aiν(Ai).

Next, we consider a nonnegative measurable function f .

Definition 2. Let f be a nonnegative measurable function and let Sf be the collection of all nonnegative
simple functions satisfying φ(ω) ≤ f(ω) for any ω ∈ Ω. The integral of f w.r.t. ν is defined as∫

fdν = sup

{∫
φdν : φ ∈ Sf

}
.

This definition using supreme looks abstract but provides convenience for proving theorems. More
intuitively, we can actually choose a sequence of simple functions (sn)n≥1 nondecreasing in n such that
f(x) = limn→∞ sn(x) for every x (exercise).

Finally, for a measurable function f , we first define the positive part of f by

f+(ω) = max{f(ω), 0}

and the negative part of f by
f−(ω) = max{−f(ω), 0)}.

From the properties of measurable functions in Lecture 2, we see that f+ and f− are nonnegative measurable
functions. Moreover, f(ω) = f+(ω)− f−(ω), and |f(ω)| = f+(ω) + f−(ω).
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Definition 3. Let f be a measurable function. We say that
∫
fdν exists if and only if at least one of

∫
f+dν

and
∫
f−dν is finite, in which case ∫

fdν =

∫
f+dν −

∫
f−dν.

When both
∫
f+dν and

∫
f−dν are finite, we say that f is integrable.

Remark 1. The abstract integral unifies both regular (Riemann) integral and infinite series. To see this,
suppose that we have a sequence (an)∞n=1 and we are interested in the summation. Consider the counting
measure1 ν defined on (R,B) satisfying ν(A) =

∑∞
n=1 1{n ∈ A}, namely counting how many elements are

included in a Borel set A.
We can also find any function a : R → R satisfying a(n) = an (the values outside the set of positive

integers do not matter in the integral). Then the infinite series can be written into integral with counting
measure on positive integers:

∞∑
n=1

an =

∫
a dν .

You can use Definition 1—3 to verify the above equality (exercise).

The abstract integral inherits most natural properties such as linearity of the Riemann integral; see
[1][Sec. 1.4] for example. Note that properties that hold a.e. does not have any impact on the integral values.
For instance, if f = g, a.e. then

∫
f dν =

∫
g dν.

1.1 Connection between Lebesgue integrals and Riemann integrals

If ν is a Lebesgue measure on R, then we have the following nice properties.

1. If f is Riemann integrable on [a, b], then f is Lebesgue integrable on [a, b], and the two integrals have
the same value.

2. If f is bounded on [a, b]. Then f is Riemann integrable iff f is continuous a.e. on [a, b].

3. If f is Lebesgue integrable on [a, b] and

F (x) =

∫ x

a

f(t) dt,

then F ′(x) = f(x) a.e. on [a, b].

4. If F is differentiable on [a, b] and F ′ is Lebesgue integrable on [a, b], then

F (b)− F (a) =

∫ b

a

F ′(t) dt.

Property 2 says that for bounded functions, f is Lebesgue integrable if it is modification of a continuous
function on a zero-measure set. Riemann integrable functions include piecewise continuous functions, but
1Q is unfortunately not Riemann integrable—this issue is now resolved with Lebesgue integrability.

1We may use consider the counting measure directly on the discrete set {1, 2, . . .}, which makes little difference in this
example.
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Some conventions. The integral with respect to the Lebesgue measure in (Rd,Bd) is denoted by∫
f dx or

∫
f(x) dx or

∫
Rd

f(x) dx

which is consistent with the Riemann integral. We may or may not use double/multiple integral notation
such as

∫ ∫
if there is a need.

When we say a property or equality holds almost everywhere or a.e. with respect to a measure ν if the
set such that property or equality does not hold has zero measure. By default, ν is the Lebesgue measure. If
we consider a probability measure instead of the Lebesgue measure, then we say almost surely or a.s. For
example, f(x) ≥ 0 a.e. means that the set {x : f(x) < 0} has zero Lebesgue measure.

In almost every scenario, there is little difference of a property holding a.e. versus always, since the union
of countably many zero-measure sets still has zero measure. For this reason, sometimes people don’t even
bother putting a.e. in their statement.

2 Convergence Theorems

The following result gives sufficient conditions under which the limits and integrals are interchangeable.

Theorem 1. Let f1, f2, ... be a sequence of Borel functions on (Ω,F , ν).
(i)(Fatou’s lemma) If fn ≥ 0, then ∫

lim inf
n
fndν ≤ lim inf

n

∫
fndν.

(ii)(Dominated convergence theorem) If limn→∞ fn = f a.e. and there exists an integrable function g such
that |fn| ≤ g a.e., then ∫

lim
n→∞

fndν = lim
n→∞

∫
fndν.

(iii)(Monotone convergence theorem) If 0 ≤ f1 ≤ f2 ≤ ... and limn→∞ fn = f a.e., then∫
lim
n→∞

fndν = lim
n→∞

∫
fndν.

Remark 2. Intuitively, why is Fatou’s lemma true? Recall that we defined integrals as supreme over simple
functions...see the min-max perspective at this link.

Example 1. Recall the following example. Let Q be the set of rational numbers in [0, 1], and let A1, A2, ...

be the sets such that A1 ( A2 ( ... ( Q, |An| = n and
∞⋃

n=1
An = Q. Define fn(x) as follows:

fn(x) =

{
1, x ∈ An

0, otherwise .

Use DCT (choosing g(x) = 1) or MCT (since 0 ≤ f1(x) ≤ f2(x) ≤ ...) to derive∫ 1

0

lim fn(x)2dx = lim

∫ 1

0

fn(x)dx = 0.

Remark 3. This example shows that our newly defined Lebesgue integral overcomes the previous non-
integrability issue in Riemann integrals, since we have enlarged the space of integrable functions under the
new definition. More importantly, it is easy to check exchangeability is valid.

2Note: Prop. 1.4 on Jun Shao’s book indicates that lim fn(x) is Lebesgue measurable.
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Example 2. Recall the following example. Let fn(x) =

{
1, x ∈ [n, n+ 1]

0, otherwise
, we have

∫
lim inf fndx = 0 < lim inf

∫
fndx = 1.

Remark 4. This example shows when we have strict inequality in Fatou’s lemma. Also, note that we
cannot apply DCT, since the dominating function is supn fn(x) = 1 for all x ≥ 0, which is not integrable.
Sometimes, when DCT cannot be applied, it is a good indication that integral and limit cannot be exchanged.

Example 3. (Interchangeability of differentiation and integration). Let (Ω,F , ν) be a measure space and, for
any fixed θ ∈ R, let f(ω, θ) be a Borel function on Ω. Suppose that ∂f(ω, θ)/∂θ exists a.e. for θ ∈ (a, b) ∈ R
and that |∂f(ω, θ)/∂θ| ≤ g(ω) a.e., where g is an integrable function on Ω. Then, for each θ ∈ (a, b),
∂f(ω, θ)/∂θ is integrable and, by Theorem 1(ii),

d

dθ

∫
f(ω, θ)dν =

∫
∂f(ω, θ)

∂θ
dν.

3 Fubini’s theorem

The following theorem states how to evaluate an integral w.r.t. a product measure via iterated integration.

Theorem 2. (Fubini’s theorem). Let νi be a σ-finite measure on (Ωi,Fi), i = 1, 2, and let f be a Borel

function on
∏2

i=1(Ωi,Fi). Suppose that either f ≥ 0 or f is integrable w.r.t. ν1 × ν2. Then

g(ω2) =

∫
Ω1

f(ω1, ω2)dν1

exists a.e. ν2 and defines a Borel function on Ω2 whose integral w.r.t. ν2 exists, and∫
Ω1×Ω2

f(ω1, ω2)dν1 × ν2 =

∫
Ω2

[∫
Ω1

f(ω1, ω2)dν1

]
dν2.

Remark 5. When ν1, ν2 are counting measures, then Fubini’s theorem says we can exchange summations
of infinite series under some conditions. For example, for nonnegative array (aij)i,j≥1,

∞∑
i=1

∞∑
j=1

aij =

∞∑
j=1

∞∑
i=1

aij .

If one of ν1, ν2 is a counting measure, then we have guarantees for exchanging
∫

with
∑

under stated
conditions.

4 Radon-Nikodym derivative

In elementary probability/statistics, we define probability density function pdf for some continuous random
variables. How to define density functions in the general setting? We need RN derivative in measure theory.

Given two measures λ and ν defined on the same measurable space (Ω,F), we say λ is absolutely contin-
uous w.r.t. ν and write λ� ν if the following holds

ν(A) = 0 implies λ(A) = 0 for all A ∈ F .

Check: λ(A) :=
∫
A
fdν, A ∈ F satisfies λ� ν.
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Theorem 3. (RN derivative) Let ν and λ be two measures on (Ω,F) and ν be σ-finite. If λ� ν, then there
exists a nonnegative Borel function f on Ω such that the following holds

λ(A) =

∫
A

fdν, ∀A ∈ F .

Furthermore, f 3 is unique a.e. ν, i.e. if λ(A) =
∫
A
gdν for any A ∈ F , then f = g a.e. ν.

Remark 6. In statistics, usually we have a measure (e.g. the measure induced by random variables), and

f is

{
pdf if ν is Lebesgue measure

pmf if ν is counting measure.

RN derivatives satisfy linearity, chain rule, etc.

Example 4. (i) Let Ω = {0, 1, 2, 3, ...}, ν1({n}) = Pn.
(ii) Let Ω = R, ν2 be the Gaussian measure.
(iii) (Mixed) Let X1 ∼ ν̄1, X2 ∼ ν2, where ν̄1 is defined on (R,B),

ν3 =
1

2
ν̄1 +

1

2
ν2

is not a pdf or pmf in the classical setting, but ν3 � (Lebesgue measure + counting measure).

Example 5. Recall the example from Lecture 2: suppose that U ∼ Unif([0, 2π]), let

{
X = cosU

Y = sinU
and

S = {(x, y) ∈ R2 : x2 + y2 = 1} be the unit circle. The induced measure of (X,Y ) is not absolutely
continuous w.r.t. the Lebesgue measure m in R2, since m(S) = 0 but the induced measure of (X,Y ) is
supported on S.

Proposition 1. (change of variables) Let X be a random k-vector with a Lebesgue pdf fX and let Y = g(X),
where g is a Borel function from (Rk,Bk) to (Rk,Bk). Let A1, ..., Am be disjoint sets in Bk such that
Rk − (A1 ∪ ... ∪Am) has Lebesgue measure 0 and g on Aj is one-to-one with a nonvanishing Jacobian, i.e.,
the determinant Det(∂g(x)/∂x) 6= 0 on Aj , j = 1, ...,m. Then Y has the following Lebesgue pdf:

fY (x) =

m∑
j=1

|Det(∂g−1
j (x)/∂x)|fX(g−1

j (x)).

5 Further reading

The main references for measure theory in this lecture note are [3, 4, 1]. Most of the materials are standard.
The connection between the Riemann integral and the Lebesgue integral is taken from [3][Thm. 11.33].

For more explanation about almost everywhere and the role of zero measure sets, a reference is “The role
played by sets of measure zero” Chap. 1 of [2]. For an example where the condition for Fubini’s theorem is
necessary, see [1][Example 1.7.5].
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