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In this lecture, we introduce random variables, basic inequalities, and their use in some problems.

1 Expectation

For a random variable X on a probability space (2, F, P), we say X is integrable (or has finite expectation)
iff [|X]dP < oo, and we denote EX = [ X dP.

Change of variables. Recall that a random variable X induces a measure, or distribution/law, defined
by
PoX'(B)=P(X ' (B)), foranyBE€B.

In the context of measures, we may use either dP or dux: for a Borel function f, we have

MﬂXH:/me

whenever either integral exists. The proof is a simple exercise.
As a consequence, we have the following observation: a distribution pux and a cdf Fx are like twins,

Fx(b) — Fx(a) = /( 1o < X <) dP = ux((at)

Example 1. A mix of discrete measure and absolutely continuous measure. Suppose that pg is a dis-
crete measure supported on {0,1,2,...} with uo(a) = p, where py,p1,p2, ... are positive numbers satisfying
ijo pj = 1. Also suppose h > 0 a pdf. Consider the following measure

u(B) = gin(B) + 5 [ hw) da.

We know that there is no pdf or pmf for this mized measure. But the cdf always exists and in this case, the
cdf is continuous exact for locations at {0,1,2,...} where cdf has jumps.

Decomposition of measures. The above example raises the following question—is there a principled
way of decomposing any measure defined on the Borel sigma-algebra? Let (R, B, 1) be a probability space,
then we have the following decomposition of measure.

M = Hdis + Hecont + Hsing (1)

where



® Liqis is the discrete measure, which is supported on a finite set or countable set D, i.e., puqis(D€) = 0.
This measure causes the jumps (discontinuity points) in the cdf F'x; conversely, if there are jumps in
the cdf, then we can find a discrete measure in the decomposition.

® [icont is the absolutely continuous part w.r.t. Lebesgue measure; so by RN derivative, we have a
(Lebesgue) pdf f with peont(A) = [ 4 [ dx for any Borel set A. Most continuous random variables in
statistics have this continuous measure solely.

® liging is the singular part. Formally, it is a singular measure w.r.t. pigis + fcont- We rarely encounter
this measure in statistics, but it is good to know that there exist such measures. As a consequence,
even when we have a continuous cdf Fx (no discrete measure), we cannot guarantee a Lebesgue pdf f
such that Fx(A4) = [, f(z) dx.

Useful identities. If f:[0,00) is a nondecreasing and continuously differentiable function with f(0) = 0,
we may calculate E[f(X)] in a different way.

E[(|X])] = / T P OP(X] > 1) dr. (@)

In particular,

E[|X[] = / T P(X| > t) dr,

which connects the expectation with the tail probability of |X|. The identity can be proved by Fubini’s
theorem (exercise).

Basic examples. If X ~ N(0,1), then X? is chi-squared distributed denoted by x7 see [2][Example 1.14].
Moreover, if X ~ N(0,I5) is a two-dimensional standard normal variable, then || X||? is an exponential
random variable (exercise).

2 Functional perspective and inequalities

For p € [1, 00|, we can define the norm of a random variable as long as the expectation exist&ﬂ

X1y = {Blxp)}”, 1<p<oo
P \inf{M : P(IX]| > M) =0}, p=co

It is easy to check that this definition indeed qualifies as a norrrﬂ by Lecture 1 (exercise).
The standard inequalities such as Holder’s inequality holds. The following shows the celebrated Cauchy-
Schwarz inequality.
EIXY] = XYy < X[z [Y]l2

Example 2. As a consequence of Holder’s inequality, if X has finite q-th moment, that is E[|X|?] < oo,
then we have E[|X|P] < oo for 1 <p <gq.

Example 3. Recall that Cov(X,Y) = E[(X —EX)(Y — EY)]. As a consequence of Cauchy-Schwarz

inequality, we have
1/2
|Cov(X,Y)| < [Var(X)Var(Y)] 2
1When p = oo, we look for essential supremum since changing a zero-measure set should not change the value of the norm
2Rigorously speaking, we view X = Y a.s. as the same random variable (using the notion of equivalent classes), so a zero
random variable in this sense is the zero element in functional analysis.




Theorem 1 (Jensen’s inequality). Suppose that ¢ : R — R is a convex function and E X, E[p(X)] both
exist. Then
Elp(X)] > ¢[E X]
Moreover, if ¢ is stricly convex, then E[p(X)] = ¢[E X] implies X = E[X] a.s.
The next result is very simple but widely used.
Theorem 2 (Markov’s inequality). Let X be a nonnegative random variable and a > 0 be a scalar. Then,
E[X]
a

A basic fact about expectation (or abstract integral) is that if X <Y, then E[X] < E[Y] (check from
definition; exercise). Then, the proof is based on the simple observation

aP(X > a) < E[X1{X > a}] < E[X].

P(X >a) <

Almost sure convergence. We say X,, converges almost surely to X if
Plim X, (w) = X(w)) =1

or simply lim,, X,,(w) = X (w) a.s., or even simpler lim,, X,, = X. There is little difference between almost
sure convergence and pointwise convergence, since we can always modify a set (or countably many sets) of
zero measure without changing the probabilities.

The inequalities from abstract integration apply here. For example, if lim,, o, X, = X a.s. and | X,| <Y
where EY < oo, then lim, E[X,] =E X.

3 Useful examples

Gradient of log density. Suppose that f(z) > 0 is a pdf with a bounded support (the set {z : f(z) > 0}
is bounded) in R?. Let X be a random variable with such a pdf. Then

E [Vlog f(X)] =0.

This identity follows from the exchangeability of [ and V (exercise: what theorem we call for this exchange-
ability?).

Moment method for random graphs. In combinatorics and discrete probability, a simple analysis
involves the calculation of the first moment. Consider the Erd6s-Rényi graph from (G, E) ~ G(n,p), where

we have n vertices and Aj;; i Bern(p) is an independent Bernoulli random variable representing whether
there is each edge A;; = 1 or not A;; = 0. There is a triangle in G with vertices 7, 5, k iff A;; = A = Ap; = 1.

Suppose that p = p(n) = n~ where a > 0 is a constant. What is the chance that we can find at least
one triangle in a random graph drawn from G(n,p)? We can answer this question in the large n regime. Let
B, j i be the event that there is a triangle formed by vertices 4, j, k. Let N(G) be the number of triangles in
G. Then

(4)
P(N(G) > 1) <E[N(G)=E [ Z 1{i, j, k form a triangle}]

1<i<j<k<n

= Z P(i,j, k form a triangle)

1<i<j<k<n

(i) (M) 3
2 ()

1 1
= +TO()(npn)3 as n — 0o,



where (i) is due to Markov’s inequality and (i) is due to independence. The last term converges to 0 if
«a > 1 and diverges to oo if & < 1. We may conclude that if o > 1,

P(there exists no triangle in G) =1 — o(1) as n — 0.

Actually, . = 1 is a critical threshold: further analysis by second moment calculation can show that

1—o0(1 1
P(there exists no triangle in G) = o(l) a>
o(1) a<l

KL divergence. Suppose that P, Q are two probability measures on (R?, B%) and P < Q. A fundamental
notion in information theory is Kullback—Keibler (KL) divergence, defined by

dP
Diu(PQ) = /1og@ ap.

Here % is the RN derivative. In the special case where both P and @ have Lebesgue pdf f and g, we have

Da(PIQ) = [ 1) logjgrgg dz.

(i) We can show that Dkr,(P||Q) > 0. Denote h(xz) = zlogz and the RN derivative as ¢ = dP/dQ. By
convention, the composition of functions i and ¢ is denoted by h o ¢. So, by change of variable,

D (PQ) = [ 56108 5 4@ = [how dg

(zi)h(/@dcg) @ h(/dp) —h(1)=0

where we used Jensen’s inequality in (i) and change of variable again in (i7). Moreover, Dxkr,(P||Q) = 0 iff
P = @ a.s. KL divergence measures how close two distributions are, though it is not a metric (asymmetric).

(ii) If P and @ are supported on a finite set {1,2,...,N}, and @ is a uniform distribution over
{1,2,..., N}, then, denoting the pmf of P by p

N
DkL(P||Q) =logN — H(P),  where H(P) = _p(i)log Wli)'

i=1

The quantity H(P) is known as the entropy of P. If P is the Bernoulli distribution with parameter ~, we
have seen in Lecture 1 that H(P) = h(v)log(1/v) 4+ (1 — ) log(1/(1 —7)).

(iii) In machine learning, a widely used loss function for classification tasks is cross-entropy. Given
a target classification probability p over K classes {1,2,..., K}, we want to find a classifier with output
probability g being close to p, as measured by the loss:

H(p,q) = Ex~p[—logq(X)] = H(p) + Dxw(pllq)

Equivalently, we want to find a prediction probability ¢ so that Dxr,(p||¢) is as small as possible. Usually, we
obtain ¢ by applying the Softmax function to real-valued predictions: given the output of an algorithm
(e.g., neural network) = € RX|

err

=
D =1 €7

Cross-entropy with softmax is actually (slightly generalized) logistic loss for binary classification (exercise).

q(k)



Collinearity. In regression analysis, we have observations of p attributes or features. If we treat these
features as random variables X = (X3, Xs,...,X,), then our data are realized values of these random
variables, which are themselves random variables. Suppose that a1 X1 + ...+ apX, = 0 for some coefficients
ai,...,ap. This may happen if we collect the same feature twice or if we include all levels in categorical data
analysis. If this happens, then the support of the measure px is in a linear subspace.

Denote the covariance matrix of X by ¥ (assuming second moments exist). If rank(3) = r < p, then we
may apply an eigendecomposition of ¥: ¥ = UAU T where U € O(p,r), and then

X=UTX

This is a simple example of dimension reduction via PCA, where we remove uninformative directions
of high-dimensional data. By definition, for any vector u orthogonal to U, i.e., UTu = 0, we must have
Var(u'X) =u' Yu = 0.

Note that in practice, we don’t have excess to the distribution of X, so we approximate ¥ by the
empirical covariance obtained from n observations X, ..., X(") ¢ R? as column vectors,

5= Lxoxo)T.
n

Applying PCA to the data (eigendecomposition on i) helps us find the directions with the most variance
and discard the directions with no or little variance.

4 Further readings

More on measure decomposition. Let p; and pg be two measures on B(R) the collection of Borel sets.
We say 11 is singular w.r.t. po (written pq L po) iff there is a set E € B(R) s.t. p1(E) =0 and p2(E€) = 0.

Take p1 = fdis + Heont, 2 = Msing i Eq.(1), we see that for any measurable set A = (ANE)U(ANE®),

1(A) = (fais + teont) (AN EC) + tging (AN E).

This implies that E is the support for pging, £¢ is the support for pais + ftecont- The main part and the
singular part are taking effect in mutually exclusive events.

e One simple consequence: note that for any ugis({a}) > 0, {a} C E° because E° it the largest possible
set for p14;s to have positive value, a € E° and thus fieng({a}) = 0.

e Eq. (1] is actually a by-product of the famous Radon-Nykodym theorem. One may refer to [I][Thm
6.10] for more details.

One example of singular measures is the Cantor measure; see the link| for example. More details about

measure decomposition can be found via the link or Chapter 6 of Rudin’s book [I].

L, convergence. Given a probability space (£, F, P), we can treat random variables on this space that
differ only on a zero-measure set as elements in the same equivalence class. Under this view, we can check
that || - ||, is a norm so we have a normed space. Further, it is a complete space (thus Banach space) under
this norm. Given a sequence (X,,)n>1, it converges to a limit X under L, norm iff

lim || X, — X[, =0, also denoted by X, —% X.
n—oo
Some of the convergence properties can be found in Section 1.5.1 of [2].

More on KL divergence and entropy. A standard introduction to information theory is [3]. A quick
reference for the results in this lecture note is the wikipagel


https://en.wikipedia.org/wiki/Lebesgue%27s_decomposition_theorem
https://en.wikipedia.org/wiki/Lebesgue%27s_decomposition_theorem
https://en.wikipedia.org/wiki/Kullback%E2%80%93Leibler_divergence#Relation_to_other_quantities_of_information_theory
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